THEOREM (Dirichlet, 1842): For any real irrational number £ there exist infinitely many rational numbers
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Let £ be a real number that is not rational nor quadratic irrational. What is

sup lim inf |P(&)] || P||* ?
¢cR Pelia]

Here P(z) = az? + bz + c and ||P| is

max(|al, [b],|c|) or max(|al,|b|) or {“/|0L|’~C + 0%+ |c|* or |al ete.



Let £ = 0.5436... be a root of f(x) = z* + x? +  — 1. Then
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—x?2—x+1
—2x’+x
3x2+2x—2
—4x’+4x—1
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Let £ = 0.5436... be a root of f(x) = 23+ 22 +x — 1.
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—4x’+4x—1
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—7x>+13x—5
—20x® —2x+ 7
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—47x24+9x+9
—56x2 — 56x + 47
—103x% 4+ 56«
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—206 2 4+ 215 — 56
—421 2 — 150 = + 206
271 x2 + 627 x — 421
—356x% 4 692 x — 271
—1048 22 — 85 x + 356
963 2 + 1404 = — 1048
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1,3,1]
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[1,1,1]
[1? _17 1]
1,1, —1]
[1,1,1]
[17 _1a 1]
[1,2,0]
1,2, 0]
1,3, —1]
[1,2,0]
1,2, —2]
[1,1,1]
[17 _1a 1]
[1? 17 _1]
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—5345 2 4+ 3055 ¢ — 81
8400 z2 + 5264 = — 5345
10609 2 — 11536 = + 3136
—22145 2% — 7473 x + 10609
—14672 % — 32754 ¢ + 22145
18082 2 — 36817 = + 14672
—54899 2 — 3410 = + 18082
—51489 2 — 72981 = + 54899
21492 x> — 106388 = + 51489
—127880 2 + 29997 = + 21492
—149372 % 4 136385 = — 29997
— 157877 % — 149372 x + 127880
—277252 % 4+ 166382 = — 8505
443634 2% + 268747 x — 277252
—545999 22 4 618521 = — 174887
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1,2, 2]
[1a _1’ 1]
[1? 19 _1]
[1,1,1]
1, —1,1]
[1? 17 _1]
[0, —1,1]
[1,1,1]
[1,1,0]

[17 _23 _1]

[1,3,1]
[1,—2,0]

—&
—&

—x2—x

—1/2x* —1/2

—332—13

1/2x%+1/2
— 2
xr
m2

—&

0.36950
0.25197
0.49147
0.49108
0.23692
0.43099
0.25660
0.35977
0.52805
0.30634
0.29423
0.52447
0.37440
0.24987
0.49498
0.48766
0.23717
0.42632
0.25913
0.35494



Let £ = 0.6180... be a root of f(z) = > + = — 1. Then
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55 x — 34 —x
89x — 55 —T
144 x — 89 —x

233x — 144 —x
377Tx — 233 —=x
610x — 377 —=x
987x — 610 —=x
1597 x — 987 —=x
2584 x — 1597 —=x
4181 x — 2584 —=x
6765 x — 4181 —=x
10946 x — 6765 —x
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[1,1,1]
[1,1,1]
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[1,1,1]
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[1,1,1]
[1,1,1]
[1,1,1]
[1,1,1]
[1,1,1]
[1,1,1]
[1,1,1]
[1,1,1]
[1,1,1]
[1,1,1]
1,1,1]
[1,1,1]

—1
0.61803
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0.47214
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0.45085
0.44582
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Let £ = 0.5436... be a root of f(z) = x> + x> +x — 1.
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—56x2 — 56x + 47
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—159x% — 103z + 103
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—421 2% — 150 = + 206
271 x2 + 627 x — 421
—356x2 4+ 692 x — 271
—1048 22 — 85 x + 356
963 2 + 1404 = — 1048

[1a _17 _1]

[1? _270]
1, —2,0]
[1,3,1]
[1? _270]
1, —2, 2]
1,1, —1]
[1,1,1]
[1? _17 1]
1,1, —1]
[1,1,1]
[1a _13 1]
[1,2,0]
[1,2,0]
[17 3a _1]
[1,2,0]
1,2, —2]
[1,1,1]
[17 _13 1]
1,1, —1]
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Then

0.48214
0.23753
0.43909
0.25195
0.36944
0.52585
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Let £ = 0.5436... be a root of f(x) = 3 + x®> + ¢ — 1. Then

1 x [1,—1,—1,1] = 0.54369
2 x? [1,—1,—1,1] = 0.29560
3 —x?—x+1 [1,—1,—1,1] = 0.48214
4 2z —1 [1,—1,—1,1] = 0.43689
5 2x2 —x [1,—1,—1,1] = 0.23753
6 —3x2—-2x+2 [1,—1,—1,1] = 0.43909
7 2+ 5z —3 [1,—1,—1,1] = 0.49150
8 42 —4x+1 [1,—1,—1,1] = 0.25195
9 —8x*—3x+4 [1,—1,—1,1] = 0.36944
10 5x2+12x — 8 [1,—1,—1,1] = 0.52585
11 Tx2 —13x +5 [1,—1,—1,1] = 0.29817
12 —-20x22—-2x2+7 [1,—-1,—1,1] = 0.30221
13 18x>+27x—20 [1,—1,—1,1] = 0.52701
14 9z2—-38x+18 [1,—1,—1,1] = 0.36462
15 —47x22+9x+9 [1,—1,—1,1] = 0.25421
16 56x2+56x—47 [1,—1,—1,1] = 0.49437
17 —103 x + 56 [1,—1,—1,1] x 0.43562
18 —103x2 4+ 56 x [1,—1,—1,1] = 0.23684
19 159z2 +103x — 103 [1,—1,—1,1] = 0.43562
20 —56x2 —262x + 159 [1,—1,—1,1] = 0.49437
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Let £ = 0.5436... be a root of f(x) = 3 + 2 + x — 1. Then
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—x2—x+1
—2x2 4+ x
3x2+2x—2
—4x’+4x—1
—8x2—-3x+4
—5x22 —12x + 8
—7x>+13x—5
—20x® —2x+ 7
—18x2 — 27x + 20
—922 +38x — 18
—47x>24+9x+9
—56x2 — 56x + 47
—103x% 4+ 56«
—159x2 — 103z + 103
—206 2?4+ 215 — 56
—421 2 — 150 = + 206
271 x2 + 627 x — 421
—356x% 4+ 692 x — 271
—1048 22 — 85 x + 356
963 2 + 1404 = — 1048

—x?—x+1
2x — 1
222 —x
—3x2—2x+ 2
x> +5x —3
42 —4x+1
—8x>—3x+4
5x2 4+ 12x — 8
Tx>—13x+5
—20x2 —2x+7
18 x2 4+ 27x — 20
9x2 —38x + 18
4722 4+9x+ 9
56 x> + 56 — 47
—103 x + 56
—103x%2 4+ 56«
159 2 + 103 = — 103
—56 % — 262 x + 159
—206 2% + 215x — 56
421 x® + 150 x — 206



Let &€ = 0.6823... be a root of 3 + © — 1. Then

1 24+ —1 x—1

2 222 -1 2 —x

3 222 +3x—3 2+ x—1
4 5¢2+x —3 2 —2x+1
5 8x% —4x—1 222 -1

6 42%24+9x — 8 3x —2

7 1222 +5x — 9 3x22 -2z
8 2122 —7Tx — 5 2z2+3x—3
9 7Tx2 +26x — 21 32 -5z +2
10 28 22 4+ 192 — 26 5224+ —3
11 5422 —9x — 19 2 —8x+5
12 63x%2+64x — 73 8x%2 —4x—1
13 136 22 + = — 64 422 +9x — 8
14 20022 — 135 — 1 92 — 12z +4

15  135z2 + 2012 — 200 1222 4+52—9

16 33522 + 66 ¢ — 201 522 —21x + 12
17 536 2 — 269 x — 66 2122 —Tx — 5

18 269z2% 4+ 602x — 536 Tx? 4262 — 21
19 805z2 + 3332 — 602 262 —28x+ 7
20 1407 x% —472x — 333 28x% -+ 19z — 26
21 47222 4+ 1740x — 1407 19z — 54z + 28
22 187922 4 1268x — 1740 542> —9x — 19
23 361922 —611x — 1268 9224 73x — 54
24 423022 + 4276 x — 4887 T73x%2 —-63x+ 9
25 9117 x% 4+ 46x — 4276 63 2% + 642 — 73
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Consider a polynomial f(x) = x* + asx?® + a;x — 1 in Z[z] irreducible over
Q. Let &, &1 and &5 be its roots. Assume that £ is real and &, & are complex.
We also assume that |£]| < 1.

We introduce a sequence of polynomials P,(z) = a, + b,z + c,z? in z[x],
defined by P,(xz) = ™ mod f. Put

Ky = |Py(9)l(a), + b + c}))
and I = infK,, S=suk,, K,=(K,—1I)/S.

1

m/z(1 —x)
Moreover, I = inf K,, and S = sup K,, are roots of p(x) = cgx% + ...cox? +

THEOREM (HENSLEY-T.): A frequency curve for {K,} is f(z) =

c1x + cg with

cg = d3

cs =4 (a24 — a3 —4as2a7 +a22 +4a2a1+a12 —6az —3a1 + 9) d?

cy = —4 (a24 —4a%a1 +a22+2a12 —8a2—2aq —|—3) d?

c3 = —16 (a23a12 4+ 6a2? 4+ 6a22a1%2 —4a2a1® +2a1* +4a2% — 18a2%2a; — 4a13 + 10 az?
—10azay + 10a,%2 — 27 az) d

co = 16 (2a24 +5a22a12 +a1*+2a2® —2a13 +8a22 4+ a1?2 — 6a2) d

c1 = 64a2%a1* + 64a1® + 320 a23a1? + 64 a2%a1® + 384 a2a1* — 64 a1° + 320 ax? + 256 a23ay
+704 az2a1? — 384 azaq® + 128 a1* + 576 a2® — 384 a2?a; + 576 aza1? + 192 a3 + 1152 a»?

co = —64 ((122 + aza1 +a12 +2a2 —2a1 + 4) (a22 — aza1 + 012) ,

where d = —4a‘;’ + 4ag + a%a% — 18ajaz — 27 is the discriminant of f.



If f(x) = x® 4+ x®> + = — 1, then

I =inf K,, = 0.2368.. and S = sup K,, = 0.5308..
n n

are roots of

p(xz) = (112 + 112+ = — 1) (121> — 1432° + 552 — 7)
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If f(x) = % 4+ x — 1, then

I =inf K,, = 0.3458.. and S = sup K,, = 0.6276..
n n

are roots of

p(x) = 29791 25 — 26908 =° + 11532 x* — 3968 2> — 320 = + 192
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Consider a polynomial f(x) = x* + asx?® + a;x — 1 in Z[z] irreducible over
Q. Let &, &1 and &5 be its roots. Assume that £ is real and &, & are complex.
We also assume that |£]| < 1.

We introduce a sequence of polynomials P,(z) = a, + b,z + c,z? in z[x],
defined by P,(xz) = ™ mod f. Put

Ky = |Py(9)l(a), + b + c}))
and I = infK,, S=suk,, K,=(K,—1I)/S.

1

m/z(1 —x)
Moreover, I = inf K,, and S = sup K,, are roots of p(x) = cgx% + ...cox? +

THEOREM (HENSLEY-T.): A frequency curve for {K,} is f(z) =

c1x + cg with

cg = d3

cs =4 (a24 — a3 —4as2a7 +a22 +4a2a1+a12 —6az —3a1 + 9) d?

cy = —4 (a24 —4a%a1 +a22+2a12 —8a2—2aq —|—3) d?

c3 = —16 (a23a12 4+ 6a2? 4+ 6a22a1%2 —4a2a1® +2a1* +4a2% — 18a2%2a; — 4a13 + 10 az?
—10azay + 10a,%2 — 27 az) d

co = 16 (2a24 +5a22a12 +a1*+2a2® —2a13 +8a22 4+ a1?2 — 6a2) d

c1 = 64a2%a1* + 64a1® + 320 a23a1? + 64 a2%a1® + 384 a2a1* — 64 a1° + 320 ax? + 256 a23ay
+704 az2a1? — 384 azaq® + 128 a1* + 576 a2® — 384 a2?a; + 576 aza1? + 192 a3 + 1152 a»?

co = —64 ((122 + aza1 +a12 +2a2 —2a1 + 4) (a22 — aza1 + 012) ,

where d = —4a‘;’ + 4ag + a%a% — 18ajaz — 27 is the discriminant of f.



Consider a polynomial f(x) = 2® + a2? + ayx — 1 in Z[z] irreducible over Q. Let &, & and & be its
roots. Assume that £ is real and &, & are complex. We also assume that || < 1.

We introduce a sequence of polynomials P,(z) = a, + b,z + c,z* in Z|x], defined by P,(z) = x
mod f. Since f(§) = f(&) = f(&) = 0, we have

Pn(f) = fn = ap + bn§ + Cn€27

n

Pn(fl) = 5? =an + bngl + Cn&%a (1>

Po(&) = &5 = ay + bnby + a2

In other words,

§" a, e &
& =V b, , where V = 1 & ff (2)
& Cn 1 & &

is the Vandermonde matrix. From (2) it follows that

an, &
b | =V & | (3)
Cn &
Since £, & and & are roots of f(x) and the last coefficient of f is —1, it follows that [££;&3] = 1. Therefore
€72 = el = [ea, (W
because &; and &, are complex conjugates. Applying (4) to (3), we get
an gan/2
by | =Ve™2 | cos(nf) +isin(ng) |, (5)
Cn cos(nf) — isin(nf)

where 3 = arg(¢;). Observe that for large n, £3/2 is much smaller than |cos(n/3) + isin(nf3)|, therefore

an, 0
by | = V2| cos(nB) +isin(nf) |,
Cn cos(nf) — isin(nf)

which can be rewritten as

€2 sin((n — 1)) — sin((n — 2)5)

Qn
e | b | =5 sl -28) - @sinms) | (©
o gsin(nf) — ¢ sin((n —1)5)

where D is the determinant of V.



Put
gi(n) = &7 sin((n — 1)) —sin((n — 2)8),

g2(n) = &~ sin((n — 2)B) — € sin(nf3),

g3(n) = Esin(nf) — €2 sin((n - 1)8).
From (1) and (6) it follows that

(Pal€) a0 = S (),

We have
(P.(€))Y2a, ~ A;sin(nf) + By cos(nf)

(P.(€))?b,, ~ Aysin(nf) + By cos(nf)

(P.(€))Y2¢, =~ Assin(nfB) + Bscos(nf)

The density function is
1

T)= )
A=

i=1,23.

If A+ B =1,
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Put
gi(n) = &7 sin((n — 1)) —sin((n — 2)8),

g2(n) = ¢~ sin((n — 2)B) — £ sin(nf3),

g3(n) = Esin(nf) — €2 sin((n - 1)8).
From (1) and (6) it follows that

To show that the points (g1(n), g2(n), gs(n)) trace an ellipse in 3-dimensional space, we note that
g1(n) + €g2(n) + E%g3(n) =0

and 2( ) 2( ) 2( )
gir\n ga\n gz\n
@ * b2 * c? =1

where
2 _ £3/25in% B(€3 + 1 — 2632 cos j3)

£3/2 + cos 3 ’
sin? B(€3 4+ 1 — 2¢%/2 cos B)
B £1/2 cos 3 ’
,  sin?B(&% +1— 2832 cos B)
T 1+ 8o

b=

We now find
inf |Pn(f)|(ai + bfl + cfl) and  sup |Pn(§)|(ai + bi + ci)

Put
I =inf |P,(6)|(a® + 02+ %) and S =sup|P,(€)|(a® + b2 +c2).

By (7) we have

I = —4infmax(g3(n), ¢5(n))/D? and S = —4supmax(g3(n),g3(n))/D*

One can see that
(91(1n))* + (g2(n))* + (g3(n))* = Asin(n) cos(nf) + B cos’(nf) + C,
where A = A(¢,3), B = B(£,3),C = C(&, 8). One can show that the function
f(z) = AzvV1 — 22 + Ba® + C

attains its minimum(maximum) values at

1 B 1 B
Toin = ——=41 |1 — —— and Zpew = —=4/1 + ——
\/5\/ VAT + B? \/i\/ VAZ + B?
and these values are

_ /A2 2 /A2 2
B 124 +B +C and fmam:B+ 13 +B +C

fmin =



Using explicit expressions for A(&, 3), B(£, 3) and C(&, ) in (8) [here the algebra becomes really
ugly and I don’t know how to make it more elegant yet], we deduce that I and S are roots of the
following polynomial:

pl = ce2% + ... c22® + 12 + co,

with
cg = d?
cs =4 (ag? — a2 — das’ar + ax® + 4 asay + ay®> — 6ay — 3a; +9) d?
cs = —4 (ax* —4das?ay + ax®> +2a1? — 8ay — 2a; + 3) d?
c3 = —16 (a3a1® + 6 ax? + 6 ax?ay® — 4azar® + 2a,* + 4ax® — 18 ax?a; — 4a1® + 10 ay?
—10asa; + 10a,% — 27 ay) d
ey =16 (2a* + 5ax%a.> + a1t +2a2% — 20> + 8ax? + a12 — 6ag) d
c1 = 64 as%a1* + 64 a1% + 320 as’a ? + 64 as’a® + 384 asay* — 64 a1® + 320 as* + 256 ayay
+704 as?a1? — 384 asay® + 128 a1t + 576 ay® — 384 as’ay + 576 asa ? + 192 a3 + 1152 ay?
= —64 (a2® + aga1 + a1* + 2as — 2a1 + 4) (a2* — asar + a1?) ,
where a; and ay are coefficients of f(z) = 23 + apz? + a;z — 1 and
d = —4a} + 4a3 + aja3 — 18ajas — 27
is the discriminant of f. For example,
if f(x)=a+2>+x—1,then pl =64 (1123 + 112>+ 2 —1)(1212% — 14322+ 552 — 7)
if f(x)=a®+ 2% — 1, then pl = 12167 25 — 8464 2° — 6348 2% + 2576 23 + 2208 22 — 2048 2 + 448
if f(x) =%+ x — 1, then pl = 29791 2% — 26908 2° + 11532 z* — 3968 2® — 320 z + 192
(z)

if f(z)=a%— 2%+ 22 — 1, then pl = 12167 2% + 19044 2* — 42320 23 + 13984 22 — 2944 z + 448



Using explicit expressions for A(&, 3), B(§, 3) and C(&, ) in (8) [here the algebra becomes really
ugly and I don’t know how to make it more elegant yet], we deduce that I and S are roots of the
following polynomial:

pl = ce2% + ... c22® + 12 + co,

with
cg = d?
cs =4 (ast — a2 — das?a; + ax® + 4agay +ay®> — 6ay — 3a; +9) d?
ey = —4 (ax* — 4 ax’a; + ax® +2a,2 —8ay — 2a; + 3) d?
c3=—16 (a23a12 + 6ast +6ay2a12 —4dasar® +2a1t +4ay® — 18as%a; — 4ay® + 10 ay?
—10aza; +10a,% — 27 ay) d
co =16 (2a2 + 5ax’a1® + a1* +2a2® — 2a;® + 8as? + a12 — 6ay) d
c1 = 64 ay?a1* + 64 a1% + 320 as®a ? + 64 as’a® + 384 asay* — 64 a1® + 320 as* + 256 ayxay
+704 as?a,? — 384 asar® + 128 a1* + 576 ay® — 384 as?ay + 576 asa ® + 192 a3 + 1152 ay?
co = —64 (a® + asay + a1? +2ay — 2ay +4) (a* — aza; + a,?)
where a; and ay are coefficients of f(z) = 23 + apz? + a;z — 1 and
d = —4a3 + 4aj + aia; — 18aja9 — 27

is the discriminant of f.



Using explicit expressions for A(&, 3), B(£, 3) and C(&, ) in (8) [here the algebra becomes really
ugly and I don’t know how to make it more elegant yet], we deduce that I and S are roots of the
following polynomial:

pl = ce2 + ... c22® + 12 + co,

with
cg = d?
cs =4 (ast — ax® — das’a; + ax® + 4 asay + ay®> — 6ay — 3a; +9) d?
cs = —4 (ax* —4das?ay + ax®> +2a1? — 8ay — 2a; + 3) d?
c3 = —16 (a3a1® + 6 ax? + 6 ax?ay® — 4azar® + 2a1* + 4 ax® — 18 ax%a; — 4a13 + 10 ay?
—10asa; +10a,% — 27 ay) d
ey =16 (2ax* + 5ax%a.> + a1t +2a2% — 20> + 8ax? + a12 — 6ag) d
c1 = 64 as?a1* 4+ 64 a1% 4+ 320 as’a ? + 64 as’a® + 384 asay* — 64 a1® + 320 as* + 256 axa,
+704 as’a1? — 384 asay® + 128 a1t + 576 ay® — 384 as’ay + 576 asa® + 192 a3 + 1152 ay?
co = —64 (a® + agar + a1* + 2 a3 — 2a; +4) (a* — aza; + a?)
where a; and ay are coefficients of f(z) = 23 + apz? + a;z — 1 and
d = —4a} + 4a3 + ajas — 18ajas — 27

is the discriminant of f.

QUESTION: Describe a; as a function of ay such that S/I is minimal.



Using explicit expressions for A(&, 3), B(£, 3) and C(&,5) in (8) [here
ugly and I don’t know how to make it more elegant yet], we dedu
following polynomial:

pl = ce2% + ... co2® + 12 + co,

with
Cg = d3
Cy; — 4 (CL24 — CL23 — 4a22a1 + CL22 +4(126L1 + Cl12 - 6@2 - 3&1 + 9) d2

Cqy = —4 (a24—4a22a1+a22+2a12—8a2—2a1+3)d2

c3 = —16 (a3a1® + 6 ax? + 6 ax?ay® — 4azar® + 2a,* + 4ay® — 18 ay?

—10 aoGy + 10 CL12 — 27 CL2) d
ey =16 (2a* + 5ax%a.> + a1t +2a2% — 2a,® + 8ax? + a12 — 6ag) d
c1 = 64 ay%a1* + 64 a,% + 320 as3a,? + 64 as’a,® + 384 asa* — 64 a,°

+704 as’a,? — 384 asay® + 128 a1* + 576 ay® — 384 as’ay + 576 asa ® + 192 a3 + 1152 ay?

co = —64 (a® + agar + a1* + 2ay — 2ay +4) (a* — aza; + a?)
where a; and ay are coefficients of f(z) = 23 + apz? + a;z — 1 and
d = —4a} + 4a3 + aja3 — 18ajas — 27
is the discriminant of f.

QUESTION: Describe a; as a function of ay such that S/I is minimal.

a1 0.3458583  0.6276401
| 0.2368398  0.5308443
P +222+2x -1 0.1034274  0.5313413
23 +3224+52—1  0.02959207  0.3010073
w3 +422+8x—1 001307436  0.2262951
w2+ 5224+ 132 —1  0.005385638  0.1419940
23 +622+192—1 0.002615106 0.09796783
w3+ 7224250 —1  0.001534613  0.07751203
23 +82% 4332 —1 0.0008917735 0.05847006
23+ 922 +41x—1 0.0005815298 0.04803638
23+ 1022 + 51z — 1 0.0003778803 0.03840762

the algebra becomes really
ce that I and S are roots of the

+ 320 (124 + 256 CL236L1

1.814732
2.241364
2.137334
10.17189
17.30832
26.36531
37.46228
20.50916
65.56605
82.60348
101.6396

a; —4a® + 10 ag?



Using explicit expressions for A(&, 3), B(£, 3) and C(&, ) in (8) [here the algebra becomes really
ugly and I don’t know how to make it more elegant yet], we deduce that I and S are roots of the
following polynomial:

pl = ce2% + ... c22® + 12 + co,

with
cg = d?
cs =4 (ag? — a2 — das’ar + ax® + 4 asay + ay®> — 6ay — 3a; +9) d?
cs = —4 (ax* —4das?ay + ax®> +2a1? — 8ay — 2a; + 3) d?
c3 = —16 (a3a1® + 6 ax? + 6 ax?ay® — 4azar® + 2a,* + 4ax® — 18 ax?a; — 4a1® + 10 ay?
—10asa; + 10a,% — 27 ay) d
ey =16 (2a* + 5ax%a.> + a1t +2a2% — 20> + 8ax? + a12 — 6ag) d
c1 = 64 as?a1* + 64 a,% + 320 axai? + 64 ax?a1® + 384 asa? — 64 a,° + 320 as? + 256 axay

+704 as?a1? — 384 asay® + 128 a1t + 576 ay® — 384 as’ay + 576 asa ? + 192 a3 + 1152 ay?

co = —64 (a® + agar + a1* + 2ay — 2a;y +4) (a* — aza; + a?)

where a; and ay are coefficients of f(z) = 23 + apz? + a;z — 1 and

d = —4a} + 4aj + ata; — 18aja9 — 27

is the discriminant of f.

QUESTION: Describe a; as a function of ay such that S/I is minimal.

a1 0.3458583  0.6276401 1.814732
P4t +r—1 0.2368398  0.5308443 2.241364
2 +222+2x—1  0.1034274  0.5313413 5.137334
2 +322+52—1  0.02959207  0.3010073 10.17189
w3 +422+8x—1 001307436  0.2262951 17.30832
w3+ 522+ 132 -1 0.005385638  0.1419940 26.36531
w3+ 622+ 192 —1  0.002615106 0.09796783 37.46228
w3+ 7224250 —1  0.001534613  0.07751203 50.50916
3 +82% 4332z —1 0.0008917735 0.05847006 65.56605
23+ 922 +41x—1 0.0005815298 0.04803638 82.60348
23+ 1022 + 51z — 1 0.00037783803 0.03840762 101.6396
ANSWER: We have
( 2 if ay =2
8 if ap =4

a)p =

az +1
2

\

—‘ otherwise



We now find

n)’-n n’»-n

inf | P,(&)| max(b2,c2) and sup|P,(&)| max(b?, c2).

Put

n’-n n’-n

I =inf|P,(¢)|max(b?,c2) and S =sup|P,(¢)|max(b?,c?).

By (7) we have

I = —4infmax(g;(n),g53(n))/D* and S = —4supmax(gs(n),g3(n))/D? 9)
One can show that max(g3(n), g3(n)) attains its infinum value if either go(n) = g3(n) or go(n) = —gs(n),
that is when _ 12
tan(nf) = + sin B(—2&Y2 cos 5+ €)

—281/2 cos?2 B+ Ecos B+ £7/2 — £5/2 4 £1/2
Substituting this into (9) we obtain that [ is a root of
pl =c32° + 12 + 1,

with

_ 2 2 _ 4 2 3., 2 2

c3 = (a1as + a3+ a; + 2a2 + 2)°d, ¢ = —(ay — 4aras + 2a; + a7 — Tayas + a5 — 3a; — 6as — 9),

or

cs = (a1ag — a3 — ay + 2a)*d, ¢, = —(ay — 4aya3 — 2a3 + a2 + Tajay + a3 — 3a; — 6ay +9).

Similarly, S is a root of
pl = —d?23 + ¢22% + ¢,

with
co = —4(a3 — daas + at — 6ay)d, co = 64(ajay + 1)%

or
co = —4(a5 — 3a;)d, co= 64,

where a; and ay are coefficients of f(x) = 23 + asx® + a;z — 1 and
d = —4a? + 4aj + aaj — 18ajay — 27

is the discriminant of f. For example,

if f(z) =23+ 22+ —1, then inf = 0.1221.. is a root of pl = 21562% — 242 —1 (first) and sup = 0.3503..
is a root of pl = —12123 — 8822 + 16 (first)

if f(z) =%+ 2*—1, then inf = 0.1711.. is a root of pl = 57523 — 11z — 1 (first) and sup = 0.5598.. is
a root of pl = —5292% + 9222 + 64 (second)

if f(x) =%+ x — 1, then inf = 0.1325.. is a root of pl = 3123+ 7z — 1 (second) and sup = 0.4532.. is
a oot of pl = —9612% + 12422 + 64 (first)



Consider a polynomial f(z) = z® + asx? + ayz — 1 in Z[z] irreducible over Q. Let £, & and & be its
roots. Assume that £ is real and &, & are complex. We also assume that || < 1.
We introduce a sequence of polynomials P,(z) = a, + b,z + ¢,2% in Z[z|, defined by P,(z) = 2"

mod f. Since f(&) = f(&) = f(&) = 0, we have
Pn(é) = én = ay, + bnf + Cn€27

Pn(gl) =& = an + 0,61 + Cng%a (1)

Pn(&?) = f? =a, + bnf? + Cn£§

In other words,

S an, Le ¢
& =v] b, |, where V=] 1 & & (2)
& “n 1 & &

is the Vandermonde matrix. From (2) it follows that

an, §"
by |=v'| e |. (3)
Cn S

Since &, & and & are roots of f(z) and the last coefficient of f is —1, it follows that |££,&3| = 1. Therefore

€172 = la] = [&l, (4)

because & and & are complex conjugates. Applying (4) to (3), we get

an gan/2

by | =VE2 | cos(nfB) +isin(np) |, (5)

Cn cos(nf3) — isin(nf)
where 3 = arg(¢;). Observe that for large n, £3*/2 is much smaller than | cos(n/3) + isin(nf3)|, therefore

an, 0

by | = Ve 2| cos(nfB) +isin(ng) |,

Cn, cos(nf) — isin(nf)

which can be rewritten as

&/2sin((n — 1)3) — sin((n — 2)3)

an
e b | =5 s -28) - @sinms) | (©
& gsin(nf) — €2sin((n — 1))

where D is the determinant of V.



Consider a polynomial f(z) = 22% — 222 — 2z + 1. It is irreducible over Q and all its roots & =
0.4030..,&; = —0.8546.. and & = 1.4516.. are real.
We introduce a sequence of polynomials P,(z) = a,, + b,x + ¢,x? in Z[z], defined by

P, (z) = 2(2* + 122 — 5)" mod f,

were

2|n/3] ifn=0or1 mod 3
N 2|n/3] +1 otherwise.
One can show that P, have integer coefficients. Since f(£) = f(&1) = f(&2) = 0, we have

Po(€) = 28(8% + 126 = 5)" = an + b€ + cn€?,
Py(&) = 2868 + 126 — 5)" = an + b&s + &,

Pp(&) = 28(&5 + 126 — 5)" = ay + bpbo + ca&3.

In other words,

(€2 + 12¢ - 5)" an Lee
oF | (& +126,-5)" | =V | by |, where V=1 & &
(& + 126 —5)" n 1 & &

is the Vandermonde matrix. From this it follows that

an (€2 4 12¢ — 5)"
by | =2V (& +12¢ -5 |,
Cn (€2 +12& — 5)"
" an (€2 4+ 12¢ — 5)3n/2
M 4126 =) | b, | =22V (24 12¢ — 5)"(€2 4 126 — 5)"/?
Cn (63 +12& — 5)"(&* +12¢ — 5)"/?
0

=~V (2068 + 126 — 5)(€2 + 126 — 5)V2)"
[2(&2 + 126 — 5)(&2 + 126 — 5)/2)"

A straightforward calculation shows that 2(£2 + 12¢; — 5)(£2 + 126 — 5)Y/2 &~ —.9999592172 and 2(£2 +
12&, — 5)(£2 + 126 — 5)Y/2 x 1.000040785. Note that 1.000040785'9°°° ~ 1.5. In other words, the drift of
the scaled errors will be almost invisible for at least 10000 iterations.



Consider a polynomial f(z) = 2® + as2z? + ayz + 1 in Z[z] irreducible over Q such that a; + as = —3.
Let £, & and & be its roots. Assume that all three roots are real and that the fundamental units are x
and x — 1. We also assume that 0 < £ < 1,& < 0,& > 1. Then g(z) = 23+ (ag + 3)2* + (a1 +2as +3)z — 1
is a minimal polynomial of & — 1. Let v be such a number that

1 2_1 7
o) W

m=|ny|], neZ’. (2)

Put

m

We introduce a sequence of polynomials P, (z) = a, +b,x+c,z* in Z[z|, defined by P,(z) = 2"(z—1)
mod f. Since f(§) = f(&) = f(&) = 0, we have

P’ﬂ(g) - €n(§ - 1)m = ap + bn§ + Cn§27
Po(&) = &1 (& — )™ = an + 0y + ciéF, (3)

Pn(£2> = 53(52 - 1)m = ay, + bpda + Cngg'

In other words,

e — 1" a Le ¢
G —-1nm | =vy| b, |, where V=|1 & & (4)
(&1 ‘o g @
is the Vandermonde matrix. From (4) it follows that
an rE-nm
b | =V GG -D" |,
Cn &6 -1
SO
an (_1)m£3n/2<1 _ £)3m/2
ERA=m2 | by | =V (C)™E )M -9PQ—g)m | (5)
Cn (€/26)"(1 = &) 2 (& — )™

Since £, & and & are roots of f(z) and the last coefficient of f is 1, it follows that |[££,&;| = 1. Similarly,
since £ —1,& — 1 and & — 1 are roots of g(x) and the last coefficient of g is —1, it follows that |(§ —1)(& —
1)(& — 1)| = 1. Also, for a large m the first entry is much smaller than the last two. From this, (1) and
(2) it follows that

an 0 ny—m
—1 2
a1 —-om2 | b, [ =~E=Dmv | v , Wwhere v= (? : )
—&
Cn y1

Since

§162(§ — &1) E&(E— &) E6u(& —€)
& -8 £ — &2 £ & ,
§—& §—& & —¢



where D is the determinant of V, we have

ay, E&(E — &) —E&(E— &)t
era-gmt | | <S50 @-enre-an | )
Cn

=&+ (& —-Hrv
Put

gi(n) = E&(E — &)y — E&(E — &)v,
ga(n) = (& — &)+ (& = &)

gs(n) = (= &+ (& - v
From (3) and (6) it follows that

(Pn(g))lﬂan ~ D g1(n),

()28, ~ T ),

(P 2enm T gy ).

To show that the points (g1(n), g2(n), gs(n)) trace a hyperbola in 3-dimensional space, we note that

91(n) + €g2(n) 4+ €gs(n) = 0
and

2 2 2
gi(n)  gi(n)  g5(n)
a2 + b2 + c?

=1,
where

2 TEG-&) L, —2DE6-&)

20+&+8& 7 S +& ’

2 2D(& — &)
§& + E& + 266




