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DEFINITION:

A prime number is a positive integ er greater than 1 that is divisib le

by no positive integ ers other than 1 and itself .
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DEFINITION:

A prime number Is a positive integ er greater than 1 that is divisib le

by no positive integ ers other than 1 and itself .

EXAMPLE: Theintegers 2;3;5; 7;11;13;17; 19 are primes.

We now note that

4= 2+ 2
6= 3+ 3
8= 3+ 5
10= 3+ 7
12= 5+ 7

14= 3+ 11
16= 3+ 13
18= 5+ 13
20= 7+ 13
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24= 3+ 11
26= 7+ 19
28= 5+ 23
30= 7+ 23
32= 3+ 29

34= 3+ 31
36= 5+ 31
38= 7+ 31
40= 3+ 37
42= 5+ 37

Goldbac h's Conjecture: Every even positive integ er greater that 2

can be written as the sum of two primes.
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TRUE OR NOT TRUE?

Number s 8 and 9 are the only consecutive powers.
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Cathalan's Conjecture:

Number s 8 and 9 are the only consecutive powers.

TRUE (Michalesku, 2002).
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Leonhar d Euler (1707-1783)

A MATHEMATICAL PROBLEM: EASY OR DIFFUCULT? — p.8/1.



PROBLEM:

A MATHEMATICAL PROBLEM: EASY OR DIFFUCULT? — p.9/1.



PROBLEM:

Consider the following weights:

A MATHEMATICAL PROBLEM: EASY OR DIFFUCULT? — p.9/1.



PROBLEM:

Consider the following weights:

A MATHEMATICAL PROBLEM: EASY OR DIFFUCULT? — p.9/1.



PROBLEM:

Consider the following weights:

A MATHEMATICAL PROBLEM: EASY OR DIFFUCULT? — p.9/1.



PROBLEM:

Consider the following weights:

A MATHEMATICAL PROBLEM: EASY OR DIFFUCULT? — p.9/1.



PROBLEM:

Consider the following weights:

A MATHEMATICAL PROBLEM: EASY OR DIFFUCULT? — p.9/1.



PROBLEM:

Consider the following weights:

A MATHEMATICAL PROBLEM: EASY OR DIFFUCULT? — p.9/1.



PROBLEM:

Consider the following weights:

A MATHEMATICAL PROBLEM: EASY OR DIFFUCULT? — p.9/1.



PROBLEM:

Consider the following weights:

A MATHEMATICAL PROBLEM: EASY OR DIFFUCULT? — p.9/1.



PROBLEM:

Consider the following weights:

A MATHEMATICAL PROBLEM: EASY OR DIFFUCULT? — p.9/1.



PROBLEM:

Consider the following weights:

etC.

A MATHEMATICAL PROBLEM: EASY OR DIFFUCULT? — p.9/1.



PROBLEM:

Consider the following weights:

etC.

Whic h weight can be balanced by them?

A MATHEMATICAL PROBLEM: EASY OR DIFFUCULT? — p.9/1.
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Consider the following weights:

etC.

Whic h weight can be balanced by them?

/N= 1]
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PROBLEM:

Consider the following weights:

etC.

Whic h weight can be balanced by them?
_ S e
/NT 1
_ S e
/T 2
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PROBLEM:
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etC.

Whic h weight can be balanced by them?

A=

S
2

N
/N=[2] + [2]
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PROBLEM:

Consider the follo wing weights:

WhICh welght can be balanced by them?

[N
N
(0 0]
D
~—
®)

—n —

= /N= (1] + 2] + 4]
S

=2 /N (o]

2 =2 2
=]+ [2]  /N\T 1]+ [s
=2 = =2

= [4 ANT 2] + [

_ S5 S _
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_ S5 S _
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11= 1+ 2+ 8
12= 4+ 8

13= 1+ 4+ 8
14= 2+ 4+ 8

15= 1+ 2+ 4+ 8

16= 16

17= 1+ 16

18= 2+ 16

19= 1+ 2+ 16
20= 4+ 16

21= 1+ 4+ 16
22= 2+ 4+ 16
23= 1+ 2+ 4+ 16
24= 8+ 16

25= 1+ 8+ 16
260= 2+ 8+ 16
27=1+ 2+ 8+ 16
28= 4+ 8+ 16
29= 1+ 4+ 8+ 16
30= 2+ 4+ 8+ 16

31=1+ 2+ 4+ 8+ 16

32= 32

33= 1+ 32

34= 2+ 32

35= 1+ 2+ 32
36= 4+ 32
37=1+ 4+ 32
38= 2+ 4+ 32
39= 1+ 2+ 4+ 32
40= 8+ 32

41= 1+ 8+ 32
42= 2+ 8+ 32
43= 1+ 2+ 8+ 32
44= 4+ 8+ 32
45= 1+ 4+ 8+ 32
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acsh ]
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a32 1 (a16 1)( a16 + 1)
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N
I
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N
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(a+ 1)(a®+ 1)(a*+ 1)(a® + 1)(a'® + 1)

1+ a+ a2+ al*2 + a4+ a4 + g2+

a4+8 + a1+4+8 + a2+4+8 + a2+4+8+16

[1+4+16 | [2+4+16 4 5 1+2+8+16 4 58+16

o+ o+ 4

5 1+4+8+16 4 52+8+16 4 51+8+16 4 54+8+16

a1+2+4+8 + a1+2+4+16 + a1+2+4+8+16

+
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(a+ 1)(a®+ 1)(a*+ 1)(a® + 1)(a'® + 1)

1+ a+ a2+ al*2 + a4+ a4 + g2+

a4+8 + a1+4+8 + a2+4+8 + a2+4+8+16

g1+4+16 4 [2+4+16 4 51+2+8+16 4 58+16

o+ o+ o+ o+

g 1+4+8+16 4 52+8+16 4 51+8+16 4 54+8+16

+

a1+2+4+8 + a1+2+4+16 + a1+2+4+8+16

a2’ 1+ a2 2+ a% 3+ :::+a%+a+1

1

(a+ 1)(a’+ 1)(a*+ 1):::(a%

+ 1)
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100 = 64+ 32+ 4

A MATHEMATICAL PROBLEM: EASY OR DIFFUCULT? — p.12/1:



100 64+ 32+ 4

1 64+1 32+ 0 16+ 0 8+ 1 4+0 2+ 0 1

A MATHEMATICAL PROBLEM: EASY OR DIFFUCULT? — p.12/1:



100 64+ 32+ 4
1 64+ 1 32+ 0 16+ 0 8+ 1 4+ 0 2+ 0 1

(11001001) ,

A MATHEMATICAL PROBLEM: EASY OR DIFFUCULT? — p.12/1:



100 = 64+ 32+ 4
=1 64+ 1 32+ 0 16+ 0 8+ 1 4+0 2+ 0 1
= (11001001),

PROBLEM:

Consider the following weights:

etC.

Whic h weight can be balanced by them?

A MATHEMATICAL PROBLEM: EASY OR DIFFUCULT? — p.12/1:



100 = 64+ 32+ 4
=1 64+ 1 32+ 0 16+ 0 8+ 1 4+0 2+ 0 1
= (11001001),

PROBLEM:

Consider the following weights:

etC.

Whic h weight can be balanced by them?

ANSWER:

A MATHEMATICAL PROBLEM: EASY OR DIFFUCULT? — p.12/1:



100 = 64+ 32+ 4
=1 64+ 1 32+ 0 16+ 0 8+ 1 4+0 2+ 0 1
= (11001001),

PROBLEM:

Consider the following weights:
Whic h weight can be balanced by them?

ANSWER:

Any natural number

A MATHEMATICAL PROBLEM: EASY OR DIFFUCULT? — p.12/1:



100 = 64+ 32+ 4
=1 64+ 1 32+ 0 16+ 0 8+ 1 4+0 2+ 0 1
= (11001001),

PROBLEM:

Consider the following weights:

etC.

Whic h weight can be balanced by them?

ANSWER:

Any natural number , since any natural number can be converted
Into the binary system.

A MATHEMATICAL PROBLEM: EASY OR DIFFUCULT? — p.12/1:



Augustin Cauchy (1789 - 1857)

EASY OR DIFF

UCULT? —

.13/1



THEOREM:

A MATHEMATICAL PROBLEM: EASY OR DIFFUCULT? — p.14/1:



0 we have

A MATHEMATICAL PROBLEM: EASY OR DIFFUCULT? — p.14/1:



a; +

'+ ap

0 we have

R

ai:.::a,

A MATHEMATICAL PROBLEM: EASY OR DIFFUCULT? — p.14/1:



THEOREM: For any A1, ..., Ap
ai t + ap

n
THEOREM® Foranyai;:::;an
a; + .+ a,

n

0 we have

O we have

ai:::an

A MATHEMATICAL PROBLEM: EASY OR DIFFUCULT? — p.14/1:



THEOREM: For any A1, ..., Ap
ai t + ap

n
THEOREM® For any by;:::: b,

0 we have

O we have

nbq:::b,

A MATHEMATICAL PROBLEM: EASY OR DIFFUCULT? — p.14/1:



THEOREM: For any A1, ..., Ap
ai t + ap

n
THEOREM® For any by;:::: b,

0 we have

O we have

nbq:::b,

A MATHEMATICAL PROBLEM: EASY OR DIFFUCULT? — p.14/1:



THEOREM: For any A1, ..., Ap
ai t + ap

n
THEOREM® For any by;:::: b,

0 we have

O we have

nbq:::b,

A MATHEMATICAL PROBLEM: EASY OR DIFFUCULT? — p.14/1:



THEOREM: For any &1, :::;ap O we have
ai t + ap P
: a]_ a.n
n
THEOREM® Foranyb;;::::b, Owe have
b + :::+ by nbji:::b,
ai; + + ap P
: a.]_ a.n
n

A MATHEMATICAL PROBLEM: EASY OR DIFFUCULT? — p.14/1:



THEOREM: For any &1, :::;ap O we have

THEOREM® Foranyb;;::::b, Owe have

by + :::+ bo nby::i:b,

A MATHEMATICAL PROBLEM: EASY OR DIFFUCULT? — p.14/1:



THEOREM: For any &1, :::;ap O we have
a;+ ..+ a, p

ai:.::a,

THEOREM® Foranyb;;::::b, Owe have

by + :::+ bo nby::i:b,

A MATHEMATICAL PROBLEM: EASY OR DIFFUCULT? — p.14/1:



THEOREM: For any A1, ..., Ap
ai t + ap

n
THEOREM® For any by;:::: b,

0 we have

O we have

nbq:::b,

A MATHEMATICAL PROBLEM: EASY OR DIFFUCULT? — p.14/1:



THEOREM: For any &1, :::;ap O we have
ai t + ap P
: a]_ a.n
n
THEOREM® Foranyb;;::::b, Owe have
b + :::+ by nbji:::b,
b + :::+ by nbq:::b,

A MATHEMATICAL PROBLEM: EASY OR DIFFUCULT? — p.14/1:



THEOREM: For any &1, :::;ap O we have
ai t + ap P
: a]_ a.n
n
THEOREM® Foranyb;;::::b, Owe have
b + :::+ by nbji:::b,
oY + st B) nbyiiihy =) ag+ iiita, = (Rap+ o+ (Ray)”

A MATHEMATICAL PROBLEM: EASY OR DIFFUCULT? — p.14/1:



THEOREM: For any &1, :::;ap O we have
ai t + ap P
: a]_ a.n
n
THEOREM® Foranyb;;::::b, Owe have
b + :::+ by nbji:::b,
oY + st B) nbyiiihy =) ag+ iiita, = (Rap+ o+ (Ray)”
nQ_l:: Qﬁ

A MATHEMATICAL PROBLEM: EASY OR DIFFUCULT? — p.14/1:



THEOREM: For any &1, :::;ap O we have
ai t + ap P
na]_ a.n
n
THEOREM® Foranyb;;::::b, Owe have
b + :::+ by nbji:::b,
oY + st B) nbyiiihy =) ag+ iiita, = (Rap+ o+ (Ray)”
nRay: . Rar
:nFn)al: an

A MATHEMATICAL PROBLEM: EASY OR DIFFUCULT? — p.14/1:



THEOREM: For any A1, ..., Ap
n
THEOREM® For any by;:::: b,

0 we have

O we have

nbq:::b,

A MATHEMATICAL PROBLEM: EASY OR DIFFUCULT? — p.15/1:



n n
b; + :::+ by

O we have

nbq:::b,

A MATHEMATICAL PROBLEM: EASY OR DIFFUCULT? — p.16/1:



EXAMPLE:

n n
b; + :::+ by

O we have

nbq:::b,

A MATHEMATICAL PROBLEM: EASY OR DIFFUCULT? — p.16/1:



n n
b; + :::+ by

EXAMPLE:

For N =

2 we have:

O we have

nbq:::b,

A MATHEMATICAL PROBLEM: EASY OR DIFFUCULT? — p.16/1:



n
by + :::

EXAMPLE:

For N =

2 we have:

b + b?

O we have

nbq:::b,

2b, b,

A MATHEMATICAL PROBLEM: EASY OR DIFFUCULT? — p.16/1:



THEOREM: For any bq;:::; b, O we have

by + :::+ by nby::ib,

EXAMPLE:

For N =

2 we have:

by

b2 + b2  2bb,

2bib, + b5 O

A MATHEMATICAL PROBLEM: EASY OR DIFFUCULT? — p.16/1:



n
by + :::

EXAMPLE:

For N =

2 we have:

by

b O we have

+ b  nby:::b,

b%+ b 2bb,
2bib, + b5 O

(b1 by)* O

A MATHEMATICAL PROBLEM: EASY OR DIFFUCULT? — p.16/1:



THEOREM: For any bq;:::; b, O we have
by + :::+ by nby::ib,

EXAMPLE:

For N = 2 we have:

b2 + b2  2bb,
b, 2bib,+ b, O

(b by)® O

A MATHEMATICAL PROBLEM: EASY OR DIFFUCULT? — p.17/1:



THEOREM: For any bq;:::; b, O we have
by + :::+ by nby::ib,

EXAMPLE:

For N = 2 we have: For N = 3 we have:

b2 + b2  2bb,
b, 2bib,+ b, O

(b by)® O

A MATHEMATICAL PROBLEM: EASY OR DIFFUCULT? — p.18/1:



THEOREM: For any bq;:::; b, O we have

by + :::+ by nby::ib,

EXAMPLE:
For N = 2 we have: For N = 3 we have:
bi + bg 2b, b, bf + b“;’ + bg 3b;b,bs

b, 2bib,+ b, O

(b by)® O

A MATHEMATICAL PROBLEM: EASY OR DIFFUCULT? — p.19/1:



THEOREM: For any bq;:::; b, O we have

by + :::+ by nby::ib,

EXAMPLE:
For N = 2 we have: For N = 3 we have:

bi + bg 2b, b, bf + b“;’ + bg 3b;b,bs
by 2bib, + b, 0 bi’ + bg + bg 3b;b,bs 0

(b by)® O

A MATHEMATICAL PROBLEM: EASY OR DIFFUCULT? — p.20/1:



THEOREM: For any bq;:::; b, O we have

by + :::+ by nby::ib,

EXAMPLE:
For N = 2 we have: For N = 3 we have:

bi + bg 2b, b, bf + b“;’ + bg 3b;b,bs
by 2bib, + b, 0 bi’ + bg + bg 3b;b,bs 0

(by by)2 O ?

A MATHEMATICAL PROBLEM: EASY OR DIFFUCULT? — p.21/1:



THEOREM: For any b1; b>; bz O we have

b3 + b3+ b2  3byb,bs

A MATHEMATICAL PROBLEM: EASY OR DIFFUCULT? — p.22/1:



THEOREM: For any &, b;c O we have

a’+ b+ ¢ 3abc

A MATHEMATICAL PROBLEM: EASY OR DIFFUCULT? — p.23/1:



THEOREM: For any &, b;c O we have
a>+ b*+ ¢ 3abc

PROOF:

A MATHEMATICAL PROBLEM: EASY OR DIFFUCULT? — p.23/1:



THEOREM: For any &, b;c O we have
a>+ b*+ ¢ 3abc

PROOF: We have

A MATHEMATICAL PROBLEM: EASY OR DIFFUCULT? — p.23/1:



THEOREM: For any &, b;c O we have
a>+ b*+ ¢ 3abc

PROOF: We have
a’+ b*> 2ab

A MATHEMATICAL PROBLEM: EASY OR DIFFUCULT? — p.23/1:



THEOREM: For any &, b;c O we have
a>+ b*+ ¢ 3abc

PROOF: We have
a’+ b*> 2ab

a> ab+ b*> ab

A MATHEMATICAL PROBLEM: EASY OR DIFFUCULT? — p.23/1:



THEOREM: For any &, b;c O we have
a>+ b*+ ¢ 3abc

PROOF: We have
a’+ b? 2ab
a’ ab+ b®> ab

(a+ b)(a® ab+ b*) (a+ b)ab

A MATHEMATICAL PROBLEM: EASY OR DIFFUCULT? — p.23/1:



THEOREM: For any &, b;c O we have
a’+ b*+ c® 3abc
PROOF:. We have
a‘+ b*> 2ab
a? ab+ b* ab
(a+ b)(a® ab+ b*) (a+ b)ab

a>+ b> (a+ b)ab

A MATHEMATICAL PROBLEM: EASY OR DIFFUCULT? — p.23/1:



THEOREM: For any &, b;c O we have
a’+ b*+ ¢ 3abc
PROOF: We have
a‘+ b*> 2ab
a‘? ab+ b®* ab
(a+ b)(a® ab+ b*) (a+ b)ab
a>+ b> (a+ b)ab

a>+ c®> (a+ c)ac

A MATHEMATICAL PROBLEM: EASY OR DIFFUCULT? — p.23/1:



THEOREM: For any &, b;c O we have
a’+ b*+ c® 3abc
PROOF:. We have
a‘+ b*> 2ab
a? ab+ b* ab
(a+ b)(a® ab+ b*) (a+ b)ab
a>+ b> (a+ b)ab
a>+ c®> (a+ c)ac

b+ ¢ (b+ c)bc

A MATHEMATICAL PROBLEM: EASY OR DIFFUCULT? — p.23/1:



THEOREM: For any &, b;c O we have
a’+ b*+ c® 3abc
PROOF:. We have
a‘+ b*> 2ab
a? ab+ b* ab
(a+ b)(a® ab+ b*) (a+ b)ab
a>+ b> (a+ b)ab
a>+ c®> (a+ c)ac

b+ ¢ (b+ c)bc

A MATHEMATICAL PROBLEM: EASY OR DIFFUCULT? — p.23/1:



THEOREM: For any &, b;c O we have
a’+ b*+ ¢ 3abc
PROOF: We have
a‘+ b*> 2ab
a‘? ab+ b®* ab
(a+ b)(a® ab+ b*) (a+ b)ab
a>+ b> (a+ b)ab
a>+ c®> (a+ c)ac
b+ ¢ (b+ c)bc

281"

A MATHEMATICAL PROBLEM: EASY OR DIFFUCULT? — p.23/1:



THEOREM: For any &, b;c O we have
a’+ b*+ ¢ 3abc
PROOF: We have
a‘+ b*> 2ab
a‘? ab+ b®* ab
(a+ b)(a® ab+ b*) (a+ b)ab
a>+ b> (a+ b)ab
a>+ c®> (a+ c)ac
b+ ¢ (b+ c)bc
2a°+2 b’

A MATHEMATICAL PROBLEM: EASY OR DIFFUCULT? — p.23/1:



THEOREM: For any &, b;c O we have
a’+ b*+ ¢ 3abc
PROOF: We have
a‘+ b*> 2ab
a‘? ab+ b®* ab
(a+ b)(a® ab+ b*) (a+ b)ab
a>+ b> (a+ b)ab
a>+ c®> (a+ c)ac
b+ ¢ (b+ c)bc

2a3+2 b°+2 ¢°

A MATHEMATICAL PROBLEM: EASY OR DIFFUCULT? — p.23/1:



THEOREM: For any &, b;c O we have
a’+ b*+ ¢ 3abc
PROOF: We have
a‘+ b*> 2ab
a‘? ab+ b®* ab
(a+ b)(a® ab+ b*) (a+ b)ab
a>+ b> (a+ b)ab
a>+ c®> (a+ c)ac
b+ ¢ (b+ c)bc

2a3+2 b°+2 ¢°

A MATHEMATICAL PROBLEM: EASY OR DIFFUCULT? — p.23/1:



THEOREM: For any &, b;c O we have
a’+ b*+ ¢ 3abc
PROOF: We have
a‘+ b*> 2ab
a‘? ab+ b®* ab
(a+ b)(a® ab+ b*) (a+ b)ab
a>+ b> (a+ b)ab
a>+ c®> (a+ c)ac
b+ ¢ (b+ c)bc
2a+2 b*+2 ¢ (a+ b)ab

A MATHEMATICAL PROBLEM: EASY OR DIFFUCULT? — p.23/1:



THEOREM: For any &, b;c O we have
a’+ b*+ ¢ 3abc
PROOF: We have
a‘+ b*> 2ab
a‘? ab+ b®* ab
(a+ b)(a® ab+ b*) (a+ b)ab
a>+ b> (a+ b)ab
a>+ c®> (a+ c)ac
b+ ¢ (b+ c)bc

2a+2 b*+2 ¢ (a+ b)ab+( a+ c)ac

A MATHEMATICAL PROBLEM: EASY OR DIFFUCULT? — p.23/1:



THEOREM: For any &; b; C

PROOF: We have

(a+ b)(a®

2a3+2 b°+2 ¢°

0 we have

ai+ b+ ¢ 3abc
a’ + b’

a’ ab+ b°

ab + b?)

a’ + b’

2ab

ab

(a + b)ab
(a + b)ab

a>+ c®> (a+ c)ac

b+ ¢ (b+ c)bc

(a+ b)ab+( a+ c)ac+( b+ c)bc

A MATHEMATICAL PROBLEM: EASY OR DIFFUCULT? — p.23/1:



THEOREM: For any &, b;c O we have
a’+ b*+ ¢ 3abc
PROOF: We have
a‘+ b*> 2ab
a‘? ab+ b®* ab
(a+ b)(a® ab+ b*) (a+ b)ab
a>+ b> (a+ b)ab
a>+ c®> (a+ c)ac
b+ ¢ (b+ c)bc
2a+2 b*+2 ¢ (a+ b)ab+( a+ c)ac+( b+ c)bc

2a3+2 b°+2 ¢3

A MATHEMATICAL PROBLEM: EASY OR DIFFUCULT? — p.23/1:



THEOREM: For any &, b;c O we have
a’+ b*+ ¢ 3abc
PROOF: We have
a‘+ b*> 2ab
a‘? ab+ b®* ab
(a+ b)(a® ab+ b*) (a+ b)ab
a>+ b> (a+ b)ab
a>+ c®> (a+ c)ac
b+ ¢ (b+ c)bc
2a+2 b*+2 ¢ (a+ b)ab+( a+ c)ac+( b+ c)bc

2al+2 b3+2 ¢ a‘b

A MATHEMATICAL PROBLEM: EASY OR DIFFUCULT? — p.23/1:



THEOREM: For any &, b;c O we have
a’+ b*+ ¢ 3abc
PROOF: We have
a‘+ b*> 2ab
a‘? ab+ b®* ab
(a+ b)(a® ab+ b*) (a+ b)ab
a>+ b> (a+ b)ab
a>+ c®> (a+ c)ac
b+ ¢ (b+ c)bc
2a+2 b*+2 ¢ (a+ b)ab+( a+ c)ac+( b+ c)bc

2a+2 b*+2 ¢ a’b+ ab?

A MATHEMATICAL PROBLEM: EASY OR DIFFUCULT? — p.23/1:



THEOREM: For any &, b;c O we have
a’+ b*+ ¢ 3abc
PROOF: We have
a‘+ b*> 2ab
a‘? ab+ b®* ab
(a+ b)(a® ab+ b*) (a+ b)ab
a>+ b> (a+ b)ab
a>+ c®> (a+ c)ac
b+ ¢ (b+ c)bc
2a+2 b*+2 ¢ (a+ b)ab+( a+ c)ac+( b+ c)bc

2a+2 b%+2 ¢® a‘b+ ab?+ a’c+ ac?

A MATHEMATICAL PROBLEM: EASY OR DIFFUCULT? — p.23/1:



THEOREM: For any &, b;c O we have
a’+ b*+ ¢ 3abc
PROOF: We have
a‘+ b*> 2ab
a‘? ab+ b®* ab
(a+ b)(a® ab+ b*) (a+ b)ab
a>+ b> (a+ b)ab
a>+ c®> (a+ c)ac
b+ ¢ (b+ c)bc
2a+2 b*+2 ¢ (a+ b)ab+( a+ c)ac+( b+ c)bc

2a3+2 b*+2 ¢ a‘b+ ab?+ a°c+ ac’+ b%c + bc®

A MATHEMATICAL PROBLEM: EASY OR DIFFUCULT? — p.23/1:



THEOREM: For any &, b;c O we have
a’+ b*+ c® 3abc
PROOF:. We have
a’+ bt 2ab
a’ ab+ bt ab
(a+b)(a® ab+b?) (a+h)ab
a®+ b’ (a+h)ab
a*+ ¢ (a+C)ac
b+ ¢ (b+ c)he
2a°+2 %42 (a+ b)ab+(a+ c)acH( b+ c)be

2a%+2 0°+2 ¢® albt ab%+ alc + act+ bic + be?

A MATHEMATICAL PROBLEM: EASY OR DIFFUCULT? — p.24/1:



THEOREM: For any &, b;c O we have

a3+b3+c3

PROOF: We have
al+ b 2ab
a®+ b’ (a+h)ab
a*+ ¢ (a+C)ac
b+ ¢ (b+ c)he
2a°+21°42¢° (a+ b)ab+(a+ c)acH( b+ c)be

2a%+2 b*+2 ¢ albt ab%+ alc + act+ b’c+ he?

3abc

A MATHEMATICAL PROBLEM: EASY OR DIFFUCULT? — p.24/1:



THEOREM: For any &, b;c O we have

a3+b3+c3

PROOF: We have
al+ b 2ab
a®+ b’ (a+h)ab
a*+ ¢ (a+C)ac
b*+ ¢ (b+ c)he
2a°+21°42¢° (a+ b)ab+(a+ c)acH( b+ c)be

2a3+2 b*+2 ¢ albt ab%+ alc + act+ b’c+ he?

3abc

aZ+ b*  2ab

A MATHEMATICAL PROBLEM: EASY OR DIFFUCULT? — p.24/1:



THEOREM: For any &, b;c O we have
a’+ b*+ c® 3abc
PROOF:. We have
a’+ bt 2ab a’+ bt 2ab
a®+ b’ (a+h)ab (a%+ b)c  2ahe
a®+ ¢ (atC)ac
b*+ ¢ (b+ c)he
2a°+21°42¢° (a+ b)ab+(a+ c)acH( b+ c)be

2a3+2 b*+2 ¢ albt ab%+ alc + act+ b’c+ he?

A MATHEMATICAL PROBLEM: EASY OR DIFFUCULT? — p.24/1:



THEOREM: For any &, b;c O we have

a3+b3+c3

PROOF: We have
al+ b 2ab
a®+ b’ (a+h)ab
a®+ ¢ (atC)ac
b+ ¢ (b+ c)he
2a°+21°42¢° (a+ b)ab+(a+ c)acH( b+ c)be

2a3+2 b*+2 ¢ albt ab%+ alc + act+ b’c+ he?

3abc

al+ bt 2ab
(a%+ b)c  2ahe

(b*+ ¢%)a  2ahe

A MATHEMATICAL PROBLEM: EASY OR DIFFUCULT? — p.24/1:



THEOREM: For any &, b;c O we have
a>+ b*+ ¢ 3abc

PROOF: We have

a’+ bt 2ab a’+ bt 2ab
a®+ b’ (a+h)ab (a%+ b)c  2ahe
a®+ ¢ (atc)ac (b*+ ¢%)a  2ahe
P+ ¢ (b+ c)be (a%+ ¢t 2ahe

2a°+21%42¢° (a+ b)ab+(a+ c)acH( b+ c)be

2a3+2 b*+2 ¢ albt ab%+ alc + act+ b’c+ he?

A MATHEMATICAL PROBLEM: EASY OR DIFFUCULT? — p.24/1:



THEOREM: For any &, b;c O we have
a>+ b*+ ¢ 3abc

PROOF: We have

a’+ bt 2ab a’+ bt 2ab
a®+ b’ (a+h)ab (a%+ b)c  2ahe
a®+ ¢ (atc)ac (b*+ ¢%)a  2ahe
P+ ¢ (b+ c)be (a%+ ¢t 2ahe

2a°+21%42¢° (a+ b)ab+(a+ c)acH( b+ c)be

2a3+2 b*+2 ¢ albt ab%+ alc + act+ b’c+ he?

A MATHEMATICAL PROBLEM: EASY OR DIFFUCULT? — p.24/1:



THEOREM: For any &; b; C

a3+b3+c3

PROOF: We have
al+ b 2ab
a®+ b’ (a+h)ab
a®+ ¢ (atC)ac
b+ ¢ (b+ c)he
2a°+21%42¢° (a+ b)ab+(a+ c)acH( b+ c)be

2a3+2 b*+2 ¢ albt ab%+ alc + acl+ b’c+ he?

0 we have

3abc

A MATHEMATICAL PROBLEM: EASY OR DIFFUCULT? — p.24/1:



THEOREM: For any &; b; C

a3+b3+c3

PROOF: We have
al+ b 2ab
a®+ b’ (a+h)ab
a®+ ¢ (atC)ac
b+ ¢ (b+ c)he
2a°+21%42¢° (a+ b)ab+(a+ c)acH( b+ c)be

2a3+2 b*+2 ¢ albt ab%+ alc + acl+ b’c+ he?

0 we have

3abc

a’+ bt 2ab
(a%+ b)c  2ahe
(b*+ ¢%)a  2ahe
(a%+ ¢t 2ahe
(@%+ )+ (WP + cd)a+ (a®+ ¢A)b  Babe

alc+ bic+ bla+ cla+ ab+ ¢2h  Gahc

A MATHEMATICAL PROBLEM: EASY OR DIFFUCULT? — p.24/1:



THEOREM: For any &; b; C

a3+b3+c3

PROOF: We have
al+ b 2ab
a®+ b’ (a+h)ab
a®+ ¢ (atC)ac
b+ ¢ (b+ c)he
2a°+21%42¢° (a+ b)ab+(a+ c)acH( b+ c)be

2a%+2 b*+2 ¢* la2hbt ab%+ asc + acl+ b’c + he?

0 we have

3abc

a’+ bt 2ab
(a%+ b)c  2ahe
(b*+ ¢%)a  2ahe
(a%+ ¢t 2ahe
(@%+ )+ (WP + cd)a+ (a®+ ¢A)b  Babe

alc+ bic+ bla+ cla+ ab+ ¢2h  Gahc

A MATHEMATICAL PROBLEM: EASY OR DIFFUCULT? — p.24/1:



THEOREM: For any &; b; C

a3+b3+c3

PROOF: We have
al+ b 2ab
a®+ b’ (a+h)ab
a®+ ¢ (atC)ac
b+ ¢ (b+ c)he
2a°+21%42¢° (a+ b)ab+(a+ c)acH( b+ c)be

2a%+2 b*+2 ¢* la2hbt ab%+ asc + acl+ b’c + he?

0 we have

3abc

a’+ bt 2ab
(a%+ b)c  2ahe
(b*+ ¢%)a  2ahe
(a%+ ¢t 2ahe
(@%+ )+ (WP + cd)a+ (a®+ ¢A)b  Babe

alc+ bic+ bla+ cla+ ab+ ¢2h) 6ahc

A MATHEMATICAL PROBLEM: EASY OR DIFFUCULT? — p.24/1:



THEOREM: For any &, b;c O we have
a>+ b*+ ¢ 3abc

PROOF: We have

a’+ bt 2ab a’+ bt 2ab
a®+ b’ (a+h)ab (a%+ b)c  2ahe
a®+ ¢ (atc)ac (b*+ ¢%)a  2ahe
P+ ¢ (b+ c)be (a%+ ¢t 2ahe

22°+21°42¢° (a+ b)ab+(a+ clact(b+ c)bc  (at+ bY)c+ (WP + cHa+ (a’+ cH)b  Gahe

2a%+2 b*+2 ¢* la2hbt ab%+ asc + acl+ b’c + he? alc+ bic+ bla+ cla+ ab+ ¢2h) 6ahc

&.} 2ac + 2b° + 2¢°

A MATHEMATICAL PROBLEM: EASY OR DIFFUCULT? — p.24/1:



THEOREM: For any &, b;c O we have
a>+ b*+ ¢ 3abc

PROOF: We have

a’+ bt 2ab a’+ bt 2ab
a®+ b’ (a+h)ab (a%+ b)c  2ahe
a®+ ¢ (atc)ac (b*+ ¢%)a  2ahe
P+ ¢ (b+ c)be (a%+ ¢t 2ahe

22°+21°42¢° (a+ b)ab+(a+ clact(b+ c)bc  (at+ bY)c+ (WP + cHa+ (a’+ cH)b  Gahe

2a%+2 b*+2 ¢* la2hbt ab%+ asc + acl+ b’c + he? alc+ bic+ bla+ cla+ ab+ ¢2h) 6ahc

&.} 2ac + 2b° + 2¢°

A MATHEMATICAL PROBLEM: EASY OR DIFFUCULT? — p.24/1:



THEOREM: For any &, b;c O we have
a>+ b*+ ¢ 3abc

PROOF: We have

a’+ bt 2ab a’+ bt 2ab
a®+ b’ (a+h)ab (a%+ b)c  2ahe
a®+ ¢ (atc)ac (b*+ ¢%)a  2ahe
P+ ¢ (b+ c)be (a%+ ¢t 2ahe

22°+21°42¢° (a+ b)ab+(a+ clact(b+ c)bc  (at+ bY)c+ (WP + cHa+ (a’+ cH)b  Gahe

2a%+2 b*+2 ¢* la2hbt ab%+ asc + acl+ b’c + he? alc+ bic+ bla+ cfa+ a’b+ ¢?b] 6abc

&.} 2a + 2b% + 2¢® 6abc (——J

A MATHEMATICAL PROBLEM: EASY OR DIFFUCULT? — p.24/1:



THEOREM: For any &, b;c O we have
a>+ b*+ ¢ 3abc

PROOF: We have

a’+ bt 2ab a’+ bt 2ab
a®+ b’ (a+h)ab (a%+ b)c  2ahe
a®+ ¢ (atc)ac (b*+ ¢%)a  2ahe
P+ ¢ (b+ c)be (a%+ ¢t 2ahe

22°+2 %42 (a+ b)ab+(a+ clact(b+ c)bc || (a%+ bY)c+ (W2 + cHa+ (a%+ cH)b  Gahe

2a%+2 b*+2 ¢* la2hbt ab%+ asc + acl+ b’c + he? alc+ bic+ bla+ cfa+ a’b+ ¢?b] 6abc

&.} 2a + 2b® + 2¢® 6abc (——J

A MATHEMATICAL PROBLEM: EASY OR DIFFUCULT? — p.24/1:



THEOREM: For any &; b;c;d O we have

a*+ b*+ c*+ d* 4abcd

A MATHEMATICAL PROBLEM: EASY OR DIFFUCULT? — p.25/1:



THEOREM: For any &; b;c;d O we have
a*+ b*+ c¢*+ d* 4abcd

PROOF:

A MATHEMATICAL PROBLEM: EASY OR DIFFUCULT? — p.25/1:



THEOREM: For any &; b;c;d O we have
a*+ b*+ c¢*+ d* 4abcd

PROOF: Since X + Y 2p Xy

A MATHEMATICAL PROBLEM: EASY OR DIFFUCULT? — p.25/1:



THEOREM: For any &; b;c;d O we have
a*+ b*+ c¢*+ d* 4abcd

PROOF: Since X + Y 2p XY , we have

A MATHEMATICAL PROBLEM: EASY OR DIFFUCULT? — p.25/1:



THEOREM: For any &; b;c;d O we have
a*+ b*+ c¢*+ d* 4abcd

PROOF: Since X + Y 2p XY , we have

a*+ b* 2a’b’

A MATHEMATICAL PROBLEM: EASY OR DIFFUCULT? — p.25/1:



THEOREM: For any &; b;c;d O we have
a*+ b*+ c*+ d* 4abcd
PROOF: Since X + Y 2p XY , we have
a*+ b* 2a’b?

c*+ d* 2c?d?

A MATHEMATICAL PROBLEM: EASY OR DIFFUCULT? — p.25/1:



THEOREM: For any &; b;c;d O we have
a*+ b*+ c*+ d* 4abcd
PROOF: Since X + Y 2p XY , we have
a*+ b* 2a’b?

c*+ d* 2c?d?

A MATHEMATICAL PROBLEM: EASY OR DIFFUCULT? — p.25/1:



THEOREM: For any &; b;c;d O we have
a*+ b*+ c*+ d* 4abcd
PROOF: Since X + Y 2p XY , we have
a*+ b* 2a’b?
c*+ d* 2c?d?

a*+ b*+ c*+ d° 2a%b? + 2c?d?

A MATHEMATICAL PROBLEM: EASY OR DIFFUCULT? — p.25/1:



THEOREM: For any &; b;c;d O we have
a*+ b*+ c*+ d* 4abcd
PROOF: Since X + Y 2p XY , we have
a*+ b* 2a’b?
c*+ d* 2c?d?
a*+ b*+ c*+ d? 2a’b? + 2c?d?

2IO 4azb?c2d?

A MATHEMATICAL PROBLEM: EASY OR DIFFUCULT? — p.25/1:



THEOREM: For any &; b;c;d O we have
a*+ b*+ c*+ d* 4abcd
PROOF: Since X + Y 2p XY , we have
a*+ b* 2a’b?
c*+ d* 2c?d?
a*+ b*+ c*+ d? 2a’b? + 2c?d?

2IO 4azb?c2d?

= 4abcd

A MATHEMATICAL PROBLEM: EASY OR DIFFUCULT? — p.25/1:



8 8
a; + a,t

. 8
L+ ag

O we have

83132:1138

A MATHEMATICAL PROBLEM: EASY OR DIFFUCULT? — p.26/1:



THEOREM: For any a1;as;...;ag 0 we have
8 8 3
a;+a,+ ..+ a; 8ajar:::ag

PROOF:

A MATHEMATICAL PROBLEM: EASY OR DIFFUCULT? — p.26/1:



THEOREM: For any a4, d»p, - .., dsg
8 8 8
a, + a, + + ag

PROOF: Since X + Y 2p Xy

O we have

83132:1138

A MATHEMATICAL PROBLEM: EASY OR DIFFUCULT? — p.26/1:



THEOREM: For any a1;as;...;ag 0 we have

8 38
a; + a,+ 11

PROOF: Since X + VY

5P

+ a; 8ajap:::ag

XY , we have

A MATHEMATICAL PROBLEM: EASY OR DIFFUCULT? — p.26/1:



THEOREM: For any a1;as;...;ag 0 we have

8 38
a; + a,+ 11

PROOF: Since X + VY

5P

+ a; 8ajap:::ag

XY , we have

8 8 4,4
a, + a, 2aja,

A MATHEMATICAL PROBLEM: EASY OR DIFFUCULT? — p.26/1:



THEOREM: For any a1;as;...;ag 0 we have

8 38
a; + a,+ 11

PROOF: Since X + VY

5P

+ a; 8ajap:::ag

XY , we have

8 8 4,4
a, + a, 2aja,

8 8 4,54
a;+ a, 2a;a,

A MATHEMATICAL PROBLEM: EASY OR DIFFUCULT? — p.26/1:



8 8
ab+ aj+ i1+ ad

PROOF: Since X + VY

2p

8 8
8 8
d; + a,

8 8

O we have

83132:1138

XY , we have

2a4 4
4,4
2asa,

2a4 4

A MATHEMATICAL PROBLEM: EASY OR DIFFUCULT? — p.26/1:



THEOREM: For any a1;as;...;ag 0 we have

8 8
a;+a,+ ..+ a; 8ajar:::ag

PROOF: Since X + Y 2p XY , we have

a’+ a5 2aja;
ab+ al 2a4aj‘1
a’+ al 2aia;
a+ al 2a4a4

A MATHEMATICAL PROBLEM: EASY OR DIFFUCULT? — p.26/1:



THEOREM: For any a1;as;...;ag 0 we have

8 8
a;+a,+ ..+ a; 8ajar:::ag

PROOF: Since X + Y 2p XY , we have

a’+ a5 2aja;
ab+ al 2a4aj‘1
a’+ al 2aia;
a+ al 2a4a4

A MATHEMATICAL PROBLEM: EASY OR DIFFUCULT? — p.26/1:



THEOREM: For any a1;as;...;ag 0 we have

38 8
a;+a,+ ..+ a; 8ajar:::ag

PROOF: Since X + Y 2p XY , we have

a’+ a5 2aja;
ab+ al 2a4aj‘1
a’+ al 2aia;
a+ al 2a4a4

8 8 8 4,4 4,4 4,4 444
a;+ aj;+ ..+ ag 2aja; + 2aza, + 2aca; + 2ajag

A MATHEMATICAL PROBLEM: EASY OR DIFFUCULT? — p.26/1:



THEOREM: For any a1;as;...;ag 0 we have

38 8
a;+a,+ ..+ a; 8ajar:::ag

PROOF: Since X + Y 2p XY , we have

a’+ a5 2aja;
ab+ al 2a4aj‘1
a’+ al 2aia;
a+ al 2a4a4
al + a5+ :::+ aj  2ajaj;+ 2aza; + 2azag + 2ajag

P P
4749474 4049474
2 4dajajaja; + 2 4agagajag

A MATHEMATICAL PROBLEM: EASY OR DIFFUCULT? — p.26/1:



THEOREM: For any a1;as;...;ag 0 we have

a®+ aj+ 11+ a; Bajap::i:ag

PROOF: Since X + Y 2p XY , we have

a®+ a5 2aja;
a’+ a® 2aja;
a’+ al 2aia;
aS+ ab 2a’aj;

8 8 8 4,4 4,4 4,4 444
a;+ aj;+ ..+ ag 2aja; + 2aza, + 2aca; + 2ajag

P P
4749474 4049474
2 4dajajaja; + 2 4agagajag

— 20273272 20202472
= 4ajajaza; + 4ataga‘ag

A MATHEMATICAL PROBLEM: EASY OR DIFFUCULT? — p.26/1:



THEOREM: For any a1;as;...;ag 0 we have

PROOF: Since X + VY

8 8
a,; + a, +

38 8
a;+a,+ ..+ a; 8ajar:::ag

S 8
.+ ad

5P

XY , we have

a’+ a5 2aja;
ab+ al 2a4aj
a’+ al 2aia;
a+ al 2a4a4

444 444
2aja; + 2aza,

P
4749474
2 4dajasaja;

+ 2azag + 2ajag

P
4049474
+ 2 4agagajag

— 20273272 20202472
= 4ajajaza; + 4ataga‘ag

P -
2 l6azas::

- a2
.a8

A MATHEMATICAL PROBLEM: EASY OR DIFFUCULT? — p.26/1:



THEOREM: For any a1;as;...;ag 0 we have

38 8
a;+a,+ ..+ a; 8ajar:::ag

PROOF: Since X + Y 2p XY , we have

a’+ a5 2aja;
ab+ al 2a4aj‘1
a’+ al 2aia;
a+ al 2a4a4
al + a5+ :::+ aj  2ajaj;+ 2aza; + 2azag + 2ajag

P P
4749474 4049474
2 4dajajaja; + 2 4agagajag

— 20273272 20202472
= 4ajajaza; + 4ataga‘ag

2p 16asas:::az = 8ajar:::ag

A MATHEMATICAL PROBLEM: EASY OR DIFFUCULT? — p.26/1.



THEOREM: If N = 2k; then for any a1, a2, ..., Qp O we have

a; +a,+ i+ a, naiaz:::a

A MATHEMATICAL PROBLEM: EASY OR DIFFUCULT? — p.27/1:



THEOREM: If N = 2k; then for any a1, a2, ..., Qp O we have

LEMMA:

a2+-a2-k:::

+a2

naia,.::an

A MATHEMATICAL PROBLEM: EASY OR DIFFUCULT? — p.27/1:



THEOREM: If N = 2k; then for any a1, a2, ..., Qp O we have

a2+-a24-:::

LEMMA: Suppose

al' +

1

+a2

+ a"

0O:

naia,.::an

nai:::a

A MATHEMATICAL PROBLEM: EASY OR DIFFUCULT? — p.27/1:



THEOREM: If N = Zk;then forany a1, Ao, - - ., Ap O we have
a; +a,+ i+ a, naiaz:::a
LEMMA: Suppose
a; + i+ a; nap:iiap
for any @1, @s; ..., an O: Then
n 1 n 1
by, "+ :i:+b, 7 (n 1bi:i:iiby 1

forany by bbby, 1 O:

A MATHEMATICAL PROBLEM: EASY OR DIFFUCULT? — p.27/1:



THEOREM: If N = 2k; then for any a1, a2, ..., Qp O we have

a2+-a2-k:::

LEMMA: Suppose

+a2

Q
0

naia,.::an

8a;::.:as

A MATHEMATICAL PROBLEM: EASY OR DIFFUCULT? — p.28/1:



THEOREM: If N = 2k; then for any a1, a2, ..., Qp O we have
a, +a,+ ::+a naiaz:::ap

n

LEMMA: Suppose

A MATHEMATICAL PROBLEM: EASY OR DIFFUCULT? — p.28/1:



THEOREM: If N = 2k; then for any a1, a2, ..., Qp O we have

a2+-ag-+:::

LEMMA: Suppose

+a2

D
~ ~

naia,.::an

fa,...az

A MATHEMATICAL PROBLEM: EASY OR DIFFUCULT? — p.29/1:



THEOREM: If N = 2k; then for any a1, a2, ..., Qp O we have
a, +a,+ ::+a naiaz:::ap

n

LEMMA: Suppose

al + +al  Ta;:iiay
forany a1, @s; ... ay O: Then

A MATHEMATICAL PROBLEM: EASY OR DIFFUCULT? — p.29/1:



THEOREM: If N = 2k; then for any a1, a2, ..., Qp O we have

a2+-a2-k:::

LEMMA: Suppose

+a2

Q
oo

naia,.::an

6a;::.:as

A MATHEMATICAL PROBLEM: EASY OR DIFFUCULT? — p.30/1:



THEOREM: If N = 2k; then for any a1, a2, ..., Qp O we have
a, +a,+ ::+a naiaz:::ap

n

LEMMA: Suppose

A MATHEMATICAL PROBLEM: EASY OR DIFFUCULT? — p.30/1:



a; +

i+ ap

0 we have

R

ai:.::a,

A MATHEMATICAL PROBLEM: EASY OR DIFFUCULT? — p.31/1:



PROOF:

a; + :::

+ ap

0 we have

R

a . .

" an

A MATHEMATICAL PROBLEM: EASY OR DIFFUCULT? — p.31/1:



a; + :::

+ ap

PROOF (ELEMENTARY):

n

0 we have

R

ai:.::a,

A MATHEMATICAL PROBLEM: EASY OR DIFFUCULT? — p.31/1:



a; + .+ a

n
PROOF (ELEMENTARY, SHORT):

0 we have

R

ai:.::a,

A MATHEMATICAL PROBLEM: EASY OR DIFFUCULT? — p.31/1:



a; + .+ a

n
PROOF (ELEMENTARY, SHORT): Put

X1+ 1:1:

0 we have

R

ai:.::a,

+ Xp

50

A MATHEMATICAL PROBLEM: EASY OR DIFFUCULT? — p.31/1:



THEOREM: For any &1, :::;ap O we have
a, + ..+ a, p
n
PROOF (ELEMENTARY, SHORT): Put

ai:.::a,

X1+ 111+ Xp
f(Xq;::0:Xn) = - X1:1Xn

50

A MATHEMATICAL PROBLEM: EASY OR DIFFUCULT? — p.31/1:



THEOREM: For any &1, :::;ap O we have
a, + ..+ a, p
n
PROOF (ELEMENTARY, SHORT): Put

ai:.::a,

X1+ 111+ Xp
f(Xq;::0:Xn) = - X1:1Xn

50

A MATHEMATICAL PROBLEM: EASY OR DIFFUCULT? — p.31/1:



THEOREM: For any &1, :::;ap O we have
a, + ..+ a, p
n
PROOF (ELEMENTARY, SHORT): Put

ai:.::a,

X1+ 111+ Xp
f(Xq;::0:Xn) = - X1:1Xn

50

a; 6 as:

A MATHEMATICAL PROBLEM: EASY OR DIFFUCULT? — p.31/1:



THEOREM: For any &1, :::;ap O we have
a, + ..+ a, p
n
PROOF (ELEMENTARY, SHORT): Put

ai:.::a,

f(xl;:::;xn):X1+"'+Xn IRxl:::xn
N
Assume to the contrary that f (Xq1;:::;Xpn) < O for some
X1;::::Xn 2 [A; B]: Suppose that f (Xq1;:::;Xp) attains its
minimal value on [A; B] at some ai;:::;an, 2 [A; B]with

a1 6 a,: This gives us a contradiction, since

A MATHEMATICAL PROBLEM: EASY OR DIFFUCULT? — p.31/1:



THEOREM: For any &1, :::;ap O we have
a;+ ..+ a, p

a;...an
n

PROOF (ELEMENTARY, SHORT): Put

f(xl;:::;xn):Xl+"'+xn IQxl:::xn
N
Assume to the contrary that f (Xq1;:::;Xpn) < O for some
X1;::::Xn 2 [A; B]: Suppose that f (Xq1;:::;Xp) attains its
minimal value on [A; B] at some ai;:::;an, 2 [A; B]with

a1 6 a,: This gives us a contradiction, since

d;t ad; ait az
; , A3, ...,dn,
2 2

A MATHEMATICAL PROBLEM: EASY OR DIFFUCULT? — p.31/1:



THEOREM: Foranyasi;:.:.:.;an O we have

ai + ...+ an
a]_: an
n
PROOF (ELEMENTARY, SHORT): Put
X1 + Xn
f(x1;:000xn) = R xn
Assume to the contrary that f (X1;:::;Xn) < O for some X1;:::;Xn 2 [A; B]
Suppose that T (X1;:::;Xn) attains its minimal value on [A; B ]atsome a1;:::;an 2
[A; B]with a1 6 ap2: This gives us a contradiction, since
ai+ as a1+ arz
f(ai;az;az;:::;an)>f — 5 @siiiiidn;

A MATHEMATICAL PROBLEM: EASY OR DIFFUCULT? — p.32/1:



THEOREM: Foranyasi;:.:.:.;an O we have

ai + ...+ an
a]_: an
n
PROOF (ELEMENTARY, SHORT): Put
X1 + Xn
f(x1;:000xn) = R xn
Assume to the contrary that f (X1;:::;Xn) < O for some X1;:::;Xn 2 [A; B]
Suppose that T (X1;:::;Xn) attains its minimal value on [A; B ]atsome a1;:::;an 2
[A; B]with a1 6 ap2: This gives us a contradiction, since
ai+ as a1+ arz
f(ai;az;az;:::;an)>f — 5 @siiiiidn;

A MATHEMATICAL PROBLEM: EASY OR DIFFUCULT? — p.32/1:



THEOREM: Foranyasi;:.:.:.;an O we have

ai + ...+ an
a]_: an
n
PROOF (ELEMENTARY, SHORT): Put
X]_+ Xn
f(x1;:000xn) = R xn
Assume to the contrary that f (X1;:::;Xn) < O for some X1;:::;Xn 2 [A; B]
Suppose that T (X1;:::;Xn) attains its minimal value on [A; B ]atsome a1;:::;an 2
[A; B]with a1 6 ap2: This gives us a contradiction, since
ai+ as a1+ arz
f(ai;az;az;:::;an)>f — 5 @siiiiidn;
f(ai;a2;as;:::;an)

A MATHEMATICAL PROBLEM: EASY OR DIFFUCULT? — p.32/1:



THEOREM: Foranyasi;:.:.:.;an O we have

air+ 111+ an P
a]_: an
n
PROOF (ELEMENTARY, SHORT): Put
X1 + + Xn
f(x1;:000xn) = . R xn
Assume to the contrary that f (X1;:::;Xn) < O for some X1;:::;Xn 2 [A; B]
Suppose that T (X1;:::;Xn) attains its minimal value on [A; B ]atsome a1;:::;an 2
[A; B]with a1 6 ap2: This gives us a contradiction, since
ai+ as a1+ arz
f (az;az;az;:::;an)>f : ,as;..i;an;
2 2
a + az + az + + an
f(ai;az;as;:::;an) = n Palazasiiian

A MATHEMATICAL PROBLEM: EASY OR DIFFUCULT? — p.32/1:



THEOREM: Foranyasi;:.:.:.;an O we have
ai + 1.+ an R
n

PROOF (ELEMENTARY, SHORT): Put

X]_+ + Xn
f(X1;::0%Xn) = - le Xn
Assume to the contrary that f (X1;:::;Xn) < O for some X1;:::;Xn 2 [A; B]
Suppose that T (X1;:::;Xn) attains its minimal value on [A; B ]atsome a1;:::;an 2

[A; B]with a1 6 ap2: This gives us a contradiction, since

f

f(ai;az;az;:::;apn)>f ; ;as;...;an,;
2 2
a; + az + az + + an
f(ai;az;as;:::;an) = n Palaza:%:::an

air+az aji+az

2 2

A MATHEMATICAL PROBLEM: EASY OR DIFFUCULT? — p.32/1:



THEOREM: Foranyasi;:.:.:.;an O we have
ai + 1.+ an R
n

PROOF (ELEMENTARY, SHORT): Put

X1+ i+ Xp
f(X1;::0%Xn) = - le Xn
Assume to the contrary that f (X1;:::;Xn) < O for some X1;:::;Xn 2 [A; B]
Suppose that T (X1;:::;Xn) attains its minimal value on [A; B ]atsome a1;:::;an 2

[A; B]with a1 6 ap2: This gives us a contradiction, since

f

air+az aji+az

f(ar;az;az;:ti;an)>f : S EB5Ra5 5B §
2 2
ai + a + az + ..+ anp
f(ai;az;as;:::;an) = . |Qalazag:::an

ajjt apz + ajgt apz

— 2 2 CERY oo B n aitap a1+a2a3--

5 , 5 A3, n 5 5 . dn

A MATHEMATICAL PROBLEM: EASY OR DIFFUCULT? — p.32/1:



THEOREM: Foranyasi;:.:.:.;an O we have
ai + 1.+ an R
n

PROOF (ELEMENTARY, SHORT): Put

X]_+ + Xn
f(X1;::0%Xn) = - le Xn
Assume to the contrary that f (X1;:::;Xn) < O for some X1;:::;Xn 2 [A; B]
Suppose that T (X1;:::;Xn) attains its minimal value on [A; B ]atsome a1;:::;an 2

[A; B]with a1 6 ap2: This gives us a contradiction, since

f

air+az aji+az

aitasz ait asz
22 4 A1t +63+...+an) " arrazaras, .

2 : 5 ,yasz;, .o = - - i “an

A MATHEMATICAL PROBLEM: EASY OR DIFFUCULT? — p.32/1:



THEOREM: Foranyasi;:.:.:.;an O we have
ai + 1.+ an R
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