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A little known verse of the Bible reads

And he made a molten sea, ten cubits from the
one brim to the other: it was round all about, and
his height was five cubits: and a line of thirty

cubits did compass it about. (|1 King 7:23)

THE A U 2 2\ I N G BEAUTY OF NUMBERS -p.2/4



Bible 550?BCE 1 place 3

THE A U 2 2\ | N G BEAUTY OF NUMBERS - p.3/4



Bible 550?BCE 1 place 3
Archimedes 250?BCE 3 places 3.141
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Bible 550?BCE 1 place 3
Archimedes 250?BCE 3 places 3.141
Zu Chongzhi 480?AD 7 places 3.1415926
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Bible 550?BCE 1 place 3

Archimedes 250?BCE 3 places 3.141

Zu Chongzhi 480?AD 7 places 3.1415926
Al-Kashi 1429 14 places 3.14159265358979
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Bible
Archimedes
Zu Chongzhi
Al-Kashi

Machin

550?BCE
250?BCE
480?AD
1429
1706

1 place

3 places
7 places
14 places

100 places

3

3.141

3.1415926
3.14159265358979
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Bible
Archimedes
Zu Chongzhi
Al-Kashi
Machin

Shanks

550?BCE
250?BCE
480?AD
1429
1706
1874

1 place 3

3 places 3.141

7 places 3.1415926

14 places 3.14159265358979
100 places

707 places (527 correct)
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Bible
Archimedes
Zu Chongzhi
Al-Kashi
Machin
Shanks
Bellard

550?BCE
250?BCE
480?AD
1429
1706
1874
1996

1 place 3

3 places 3.141

7 places 3.1415926

14 places 3.14159265358979
100 places

707 places (527 correct)
400.000.000.000 places
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Tv 2:2:4:-4-6:-6-8-8-10-10...
Wallis: — =
2 1-3:-3:5:5-7-7-9.-9.11...

THE A U 22\ I N G BEAUTY OF NUMBERS —p.10/4



™ 2:2:4:-4:-6-6-8-8-10-10.
Wallis: —
2 1-3-3:-5-5-7-7-9-9.11.

Leib 0y . 1_|_1 1_|_1 1_|_
eibniz-— =-1--+4+-——-—4+ - — —
4 11
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TOP TEN LIST
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TOP TEN LIST

10. e is easier to spell than 7.
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TOP TEN LIST

10. e is easier to spell than 7.

9. m = 3.14 while e = 2.718281828459045.
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TOP TEN LIST

10. e is easier to spell than 7.
9. m = 3.14 whilee =~ 2.718281828459045.

8. The character for e can be found on a keyboard, but 7T can’t.
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TOP TEN LIST

10. e is easier to spell than 7.

9. m = 3.14 whilee = 2.718281828459045.
8. The character for e can be found on a keyboard, but 7T can’t.

7. Everybody fights for their piece of the pie.
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TOP TEN LIST

10. e is easier to spell than 7.

9. m = 3.14 whilee = 2.718281828459045.

8. The character for e can be found on a keyboard, but 7T can’t.
7. Everybody fights for their piece of the pie.

6. In 7t is a really nasty number, butlne = 1.
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TOP TEN LIST

10. e is easier to spell than 7.

9. m = 3.14 whilee = 2.718281828459045.

8. The character for e can be found on a keyboard, but 7T can’t.
7. Everybody fights for their piece of the pie.

6. In 7t is a really nasty number, butlne = 1.

5. e is used in calculus while 7t is used in baby geometry.
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TOP TEN LIST

10. e is easier to spell than 7.

.t = 3.14 whilee = 2.718281828459045.

. The character for e can be found on a keyboard, but 7t can’t.
. Everybody fights for their piece of the pie.

. In 7t is a really nasty number, butlne = 1.

e is used in calculus while 71 is used in baby geometry.

A 00 ®© N o ©

. €’ is the most commonly picked vowel in Wheel of Fortune.
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TOP TEN LIST

10. e is easier to spell than 7.

.t = 3.14 whilee = 2.718281828459045.

. The character for e can be found on a keyboard, but 7t can’t.
. Everybody fights for their piece of the pie.

. In 7t is a really nasty number, butlne = 1.

e is used in calculus while 71 is used in baby geometry.

‘e’ is the most commonly picked vowel in Wheel of Fortune.

w & O O N © ©

. e stands for Euler’s Number, 7t does not stand for squat.
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TOP TEN LIST

10. e is easier to spell than 7.

.t = 3.14 whilee = 2.718281828459045.

. The character for e can be found on a keyboard, but 7t can’t.
. Everybody fights for their piece of the pie.

. In 7t is a really nasty number, butlne = 1.

. e is used in calculus while 7T is used in baby geometry.

. €’ is the most commonly picked vowel in Wheel of Fortune.

e stands for Euler’s Number, 7w does not stand for squat.

. You don’t need to know Greek to be able to use e.
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TOP TEN LIST

10. e is easier to spell than 7.

.t = 3.14 whilee = 2.718281828459045.

. The character for e can be found on a keyboard, but 7t can’t.
. Everybody fights for their piece of the pie.

. In 7t is a really nasty number, butlne = 1.

. e is used in calculus while 7T is used in baby geometry.

. €’ is the most commonly picked vowel in Wheel of Fortune.

e stands for Euler’s Number, 7w does not stand for squat.

. You don’t need to know Greek to be able to use e.

= N

. You can’t confuse e with a food product.
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—1 = (-1)’
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W=
W=

—1= (-1 = (-1
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—1=(—-1) = (_1)%+%+%
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—1=(—-1) = (_1)%+%+%
= (—1)&2+62+52

= (—1)82(~1)F2 (1)}
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—1= (-1 = (—1)itits
_ (—1)b2tbReEe
= (—1)82(=1)2(~1)#
= (—1)* (=) 8 (1)
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—1=(=1)' = (=1)s+sts
= (—1)s2+52+52
— (—1)s2(—1)5s2(—1)52
= (—1)*H(—1)*F(-1)*

— [(—1)2]° [(—1)2]° [(—1)?]°



—1 = (—1)! = (—1)5+it5
= (—1)b2+Earde
= (—1)52(—1)52(—1)5"
— (—1)2F(—1)%F(—1)%5
= [(—=1)%]¢ [(=1)2]° [(—1)?]°

— 11/611/611/6
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—1=(—1)! = (—1)s+sts
= (—1)b2+Earde
— (—1)82(—1)52(—1)%"
= (—1)%5(—1)%6(—1)%%
= [(—1)?]° [(=1)?]® [(~1)?]°
— 11/611/671/6

_ 1i+i+d
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—1 = (—1)! = (=1)5Ti+5
= (—1)b2+Earde
= (—1)32(—1)52(—1)572
= (—1)%5(—1)25(—1)%
= [(—1)2]° [(—=1)?]¢ [(=1)?]®
— 11/611/671/6
s

— 11/2
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—1 = (—1)! = (—1)5+it5
= (—1)b2+Earde
= (—1)52(—1)52(—1)5"
— (—1)2F(—1)%F(—1)%5
= [(—=1)%]¢ [(=1)2]° [(—1)?]°
— 11/611/671/6
s
— 11/2
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S (R
= (—1)b2+Earde
= (—1)82(—1)82(—1)%?
= (—1)¥%(—1)*5(—1)3
= [(—=1)2]® [(=1)?]° [(=1)?]°
— 11/611/671/6
s
— 11/2
— /A

=1
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—1= (=1 = (=1)ststs
= (—1)E2tErtE
= (—1)82(=1)s%(—1)s>
= (—1)%5(—1)%5(—1)%5
= [(=1)2]® [(=1)?]¢ [(=1)]°
— 11/671/671/6
— 18+EtE
— 11/2
= VI

=1
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—1=(-1)' = (=1)5tsts
_ (—1)b2th2th
= (—1)82(—1)62(—1)5"
= (—1)>6(—1)>6(—1)%%
= [(=1)2]® [(=1)?]¢ [(=1)]°
— 11/671/671/6
A
— 11/2
— VI

=1
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DEFINITION:

Suppose that a is a nonzero real number and that m and n are

integers such that n > 0. Then

am/n — (am)l/n :

1/n

provided a exists.
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DEFINITION:

Suppose that a is a nonzero real number and that m and n are

integers such that n > 0. Then

am/m = (e,

1/n

provided a exists.

EXAMPLE:

(5 (=D 2 ()] (-1 [(-)7]*,

1
since (—1)% does not exist.
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PROBLEM:
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PROBLEM:

A plane is colored blue and red.
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PROBLEM:

A plane is colored blue and red. Is it always possible to find two
points of the same color exactly 1 inch apart?
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PROBLEM:

A plane is colored blue and red. Is it always possible to find two
points of the same color exactly 1 inch apart?

SOLUTION:
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PROBLEM:

A plane is colored blue and red. Is it always possible to find two
points of the same color exactly 1 inch apart?

SOLUTION:

Think of an equilateral triangle with each side exactly 1 inch long.
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PROBLEM:

A plane is colored blue and red. Is it always possible to find two
points of the same color exactly 1 inch apart?

SOLUTION:

Think of an equilateral triangle with each side exactly 1 inch long.

At least two of its vertices have to be of the same color.
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PROBLEM:

A plane is colored blue and red. Is it always possible to find two
points of the same color exactly 1 inch apart?

SOLUTION:

Think of an equilateral triangle with each side exactly 1 inch long.
At least two of its vertices have to be of the same color. This
proves that there have to be two points of the same color exactly 1

inch apart.
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PROBLEM:
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PROBLEM:

A right hexagon
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PROBLEM:

A right hexagon is split into 24 triangles.

AVAVAN
AVAVAVAN
\VAVAVAY

\VAVAV/
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PROBLEM:

A right hexagon is split into 24 triangles.

AVAVAN
AVAVAVAN
\VAVAVAY

\VAVAV/

19 different numbers are written in 19 nodes.

THE A U <2 2\ | N G BEAUTY OF NUMBERS - p.19/4



PROBLEM:

A right hexagon is split into 24 triangles.

19 different numbers are written in 19 nodes.

THE A U <2 2\ | N G BEAUTY OF NUMBERS - p.19/4



PROBLEM:

A right hexagon is split into 24 triangles.

19 different numbers are written in 19 nodes.

THE A U <2 2\ | N G BEAUTY OF NUMBERS - p.19/4



PROBLEM:

A right hexagon is split into 24 triangles.

19 different numbers are written in 19 nodes.

THE A U2 2\ IN G BEAUTY OF NUMBERS —p.19/4



PROBLEM:

A right hexagon is split into 24 triangles.

19 different numbers are written in 19 nodes.

THE A U2 2\ IN G BEAUTY OF NUMBERS —p.19/4



PROBLEM:

A right hexagon is split into 24 triangles.

19 different numbers are written in 19 nodes. Prove that at least

7 of 24 triangles have the following property:
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PROBLEM:

A right hexagon is split into 24 triangles.

19 different numbers are written in 19 nodes. Prove that at least
7 of 24 triangles have the following property: The numbers in its

vertices increase (from the least to the greatest) counterclockwise.
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PROBLEM:

A right hexagon is split into 24 triangles.

19 different numbers are written in 19 nodes. Prove that at least
7 of 24 triangles have the following property: The numbers in its

vertices increase (from the least to the greatest) counterclockwise.
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Math problems?
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Math problems? Call
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Math problems? Call 1 — 800
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Math problems? Call 1 — 800 — (10x)?
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sin(xy)

Math problems? Call 1 — 800 — (10x)* — T
362
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PROBLEM:

A right hexagon is split into 24 triangles.

19 different numbers are written in 19 nodes. Prove that at least
7 of 24 triangles have the following property: The numbers in its

vertices increase (from the least to the greatest) counterclockwise.
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PROBLEM:

A right hexagon is split into 24 triangles.

19 different numbers are written in 19 nodes. Prove that at least
7 of 24 triangles have the following property: The numbers in its

vertices increase (from the least to the greatest) counterclockwise.

THE A U2 2\ I N G BEAUTY OF NUMBERS —p.23/4



DEFINITION:

A prime number is a positive integer greater than 1 that is divisible

by no positive integers other than 1 and itself.
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DEFINITION:

A prime number is a positive integer greater than 1 that is divisible

by no positive integers other than 1 and itself.

EXAMPLE: The integers 2,3,5,7,11,13,17, 19 are primes.
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DEFINITION:

A prime number is a positive integer greater than 1 that is divisible
by no positive integers other than 1 and itself.

EXAMPLE: The integers 2,3,5,7,11,13,17, 19 are primes.

We now note that

4=2+42
6=3+43
8=3+5
10=3+47

12=5+47
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DEFINITION:

A prime number is a positive integer greater than 1 that is divisible

by no positive integers other than 1 and itself.

EXAMPLE: The integers 2,3,5,7,11,13,17, 19 are primes.

We now note that
4=2+2
6=3+3
8=3+95
10=3+7
12=5-+7

14=3+11
16=3+13
18=5+13
20=7413

22=5417
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DEFINITION:

A prime number is a positive integer greater than 1 that is divisible

by no positive integers other than 1 and itself.

EXAMPLE: The integers 2,3,5,7,11,13,17, 19 are primes.

We now note that
4—=2+42
6=3+4+3
8=3+5
10=3+4+7
12=5+4+7

14=3+11
16=3+13
18=5+13
20=7413
22=5417

24=3+411
26=7419
28=5+4+23
30=7423
32=3+429
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DEFINITION:

A prime number is a positive integer greater than 1 that is divisible

by no positive integers other than 1 and itself.

EXAMPLE: The integers 2,3,5,7,11,13,17, 19 are primes.

We now note that
4—=2+42
6=3+4+3
8=3+5
10=3+4+7
12=5+47

14=3+11
16=3+13
18=5+13
20=7413
22=5417

24=3+411
26=7419
28=5+423
30=7423
32=3+429

34=3+431
36 =5+31
38=7+31
40=3+37
42=5-+4+37
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DEFINITION:

A prime number is a positive integer greater than 1 that is divisible

by no positive integers other than 1 and itself.

EXAMPLE: The integers 2,3,5,7,11,13,17, 19 are primes.

We now note that

4=2+42 14=3+411 24=3+411 34=3+431
6=34+3 16=3+13 26=7419 36 =5+431
8=3+4+95 18=5+13 28=5+423 38=7+431

10=3+7 20=7413 30=7423 40=3+37
12=5+47 22=5417 32=3+429 42=5-+4+37

Goldbach’s Conjecture: Every even positive integer greater that 2

can be written as the sum of two primes.
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DEFINITION:

A prime number is a positive integer greater than 1 that is divisible

by no positive integers other than 1 and itself.

EXAMPLE: The integers 2,3,5,7,11,13,17, 19 are primes.

We also note that
22° + 1 = 3 isaprime
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DEFINITION:

A prime number is a positive integer greater than 1 that is divisible

by no positive integers other than 1 and itself.

EXAMPLE: The integers 2,3,5,7,11,13,17, 19 are primes.

We also note that
22° + 1 = 3 isaprime
22 + 1 =5 isaprime
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DEFINITION:

A prime number is a positive integer greater than 1 that is divisible

by no positive integers other than 1 and itself.

EXAMPLE: The integers 2,3,5,7,11,13,17, 19 are primes.

We also note that
22° + 1 = 3 isaprime
22 + 1 =5 isaprime
22° + 1 =17 isaprime
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DEFINITION:

A prime number is a positive integer greater than 1 that is divisible

by no positive integers other than 1 and itself.

EXAMPLE: The integers 2,3,5,7,11,13,17, 19 are primes.

We also note that
22° + 1 = 3 isaprime
22 + 1 =5 isaprime
22° + 1 =17 isaprime
22° 4+ 1 = 257 isaprime
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DEFINITION:

A prime number is a positive integer greater than 1 that is divisible

by no positive integers other than 1 and itself.

EXAMPLE: The integers 2,3,5,7,11,13,17, 19 are primes.

We also note that
22° 1 1 =3 isaprime
22" + 1 =5 isaprime
22° + 1 =17 isaprime
22" 4 1 = 257 isaprime
22 + 1 = 65537 isa prime
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DEFINITION:

A prime number is a positive integer greater than 1 that is divisible

by no positive integers other than 1 and itself.

EXAMPLE: The integers 2,3,5,7,11,13,17, 19 are primes.

We also note that
22° 1 1 =3 isaprime
22" + 1 =5 isaprime
22° + 1 =17 isaprime
22° 1+ 1 = 257 is aprime
22 + 1 = 65537 isa prime
22° 4 1 = 4294967297 is composite!
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DEFINITION:

A prime number is a positive integer greater than 1 that is divisible

by no positive integers other than 1 and itself.

EXAMPLE: The integers 2,3,5,7,11,13,17, 19 are primes.

We also note that
22° 1 1 =3 isaprime
22" + 1 =5 isaprime
22° + 1 =17 isaprime
22° 1+ 1 = 257 is aprime
22 + 1 = 65537 isa prime
22° |+ 1 = 4294967297 is composite!
In fact, one can check that 4294967297 = 641 - 6700417.
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TRUE OR NOT TRUE?

Numbers 8 and 9 are the only consecutive powers.
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Cathalan’s Conjecture:

Numbers 8 and 9 are the only consecutive powers.
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Cathalan’s Conjecture:

Numbers 8 and 9 are the only consecutive powers.

TRUE (Michalesku, 2002).
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THEOREM:
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THEOREM: Foranyai,...,a, > 0 we have
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THEOREM: Foranyai,...,a, > 0 we have

a oo+ a,
LT * > Yay...an,
n
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THEOREM: Foranyai,...,a, > 0 we have

a oo+ a,
LT * > Yay...an,
n

PROOF:
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THEOREM: Foranyai,...,a, > 0 we have

a oo+ a,
LT * > Yay...an,
n

PROOF (ELEMENTARY):

THE A U 22\ I N G BEAUTY OF NUMBERS - p.29/4



THEOREM: Foranyai,...,a, > 0 we have

a ..t a,
15 il > Yay...an
n

PROOF (ELEMENTARY, SHORT):
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THEOREM: Foranyai,...,a, > 0 we have

ai+ ... +a,
- > Yay...an
n
PROOF (ELEMENTARY, SHORT): Put

1+ ...+ T,

f(x1y...,xy) = - — Yxy...x)H
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THEOREM: Foranyai,...,a, > 0 we have

ai+ ... +a,
- > Yay...an
n
PROOF (ELEMENTARY, SHORT): Put
1+ ...+ T,
f(x1y...,xy) = - — Yxy...x)H

Assume to the contrary that f(x1,...,x,) < 0 for some
L1geeesglp & [A,B].
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THEOREM: Foranyai,...,a, > 0 we have

ai+ ... +a,
- > Yay...an
n
PROOF (ELEMENTARY, SHORT): Put
1+ ...+ T,
f(x1y...,xy) = - — Yxy...x)H

Assume to the contrary that f(x1,...,x,) < 0 for some
T1,y...5T, € [A, B|. Suppose that f(xy,...,x,) attains its
minimal value on [A, B] at some a;,...,a, € [A, B]
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THEOREM: Foranyai,...,a, > 0 we have

ai+ ... +a,
- > Yay...an
n
PROOF (ELEMENTARY, SHORT): Put
1+ ...+ T,
f(x1y...,xy) = - — Yxy...x)H

Assume to the contrary that f(x1,...,x,) < 0 for some
T1,y...5T, € [A, B|. Suppose that f(xy,...,x,) attains its
minimal value on [A, B] at some a;,...,a, € [A, B] with

a; 7# as.
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THEOREM: Foranyai,...,a, > 0 we have

ai+ ... +a,
- > Yay...an
n
PROOF (ELEMENTARY, SHORT): Put
1+ ...+ T,
f(x1y...,xy) = - — Yxy...x)H

Assume to the contrary that f(x1,...,x,) < 0 for some
T1,y...5T, € [A, B|. Suppose that f(xy,...,x,) attains its
minimal value on [A, B] at some a;,...,a, € [A, B] with

a; # as. This gives us a contradiction, since
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THEOREM: Foranyai,...,a, > 0 we have

ai+ ... +a,
- > Yay...an
n
PROOF (ELEMENTARY, SHORT): Put
1+ ...+ T,
f(x1y...,xy) = - — Yxy...x)H

Assume to the contrary that f(x1,...,x,) < 0 for some
T1,y...5T, € [A, B|. Suppose that f(xy,...,x,) attains its
minimal value on [A, B] at some a;,...,a, € [A, B] with

a; # as. This gives us a contradiction, since

1t+a2 aj;-+as
2 2

a
f(a17a29a37°°°9an)>f( 7a37°°°9an7>.
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THEOREM: Foranyai,...,an > 0 we have
ai + ...+ an

n

> Yai...an
PROOF (ELEMENTARY, SHORT): Put

1+ ...+ xn
f(x1,...pn) = - — Yx1...2n
Assume to the contrary that f(x1,...,xn) <O for somezx1,...,xn € [A, B].

Suppose that f(x1,. .., xy ) attains its minimal value on [A, B] atsome a1,...,an €

[A, B] with a1 7 a2. This gives us a contradiction, since

ai1+az2 ai—+a2
2 2

f(al,az,ag,...,an)>f( ,a3,...,an,> N
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THEOREM: Foranyai,...,an > 0 we have
ai + ...+ an

n

> Yai...an
PROOF (ELEMENTARY, SHORT): Put

1+ ...+ xn
f(x1,...pn) = - — Yx1...2n
Assume to the contrary that f(x1,...,xn) <O for somezx1,...,xn € [A, B].

Suppose that f(x1,. .., xy ) attains its minimal value on [A, B] atsome a1,...,an €

[A, B] with a1 7 a2. This gives us a contradiction, since

ai1+az2 ai—+a2
2 2

f(al,az,ag,...,an)>f( ,a3,...,an,> N

f(ai,a2,a3,...,an)
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THEOREM: Foranyai,...,an > 0 we have
ai + ...+ an

> Yai...an
n
PROOF (ELEMENTARY, SHORT): Put
1+ ...+ x "
f(x1,...pn) = - n—\/ml...a:n

Assume to the contrary that f(x1,...,xn) <O for somezx1,...,xn € [A, B].
Suppose that f(x1,. .., xy ) attains its minimal value on [A, B] atsome a1,...,an €
[A, B] with a1 7 a2. This gives us a contradiction, since

al3 e o o
9 9 9
2

f(a1,a2,a3,...,an)>f(a1+a2 al—;az ,an,> |

a1 +a2 +a3+ ...+ an
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THEOREM: Foranyai,...,an > 0 we have
ai + ...+ an

> Yai...an
n
PROOF (ELEMENTARY, SHORT): Put
1+ ...+ x "
f(x1,...pn) = - n—\/ml...a:n

Assume to the contrary that f(x1,...,xn) <O for somezx1,...,xn € [A, B].
Suppose that f(x1,. .., xy ) attains its minimal value on [A, B] atsome a1,...,an €
[A, B] with a1 7 a2. This gives us a contradiction, since

al3 e o o
9 9 9
2

f(a1,a2,a3,...,an)>f<a1+a2 al—;az ,an,> |

a1 +a2 +a3+ ...+ an

f(ai,a2,a3,...,a,) = — Yaiazasz...an

n
ai1+az2 ai-+az
i o s o 3 A3y ..y n,
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THEOREM: Foranyai,...,an > 0 we have
ai + ...+ an

> Yai...an
n
PROOF (ELEMENTARY, SHORT): Put
1+ ...+ x "
f(x1,...pn) = - n—\/azl...a:n

Assume to the contrary that f(x1,...,xn) <O for somezx1,...,xn € [A, B].
Suppose that f(x1,. .., xy ) attains its minimal value on [A, B] atsome a1,...,an €
[A, B] with a1 7 a2. This gives us a contradiction, since

ai1+az2 ai—+a2
2 2

f(al,az,ag,...,an)>f< ,a3,...,an,> N

a1 +a2 +a3+ ...+ an

ai1+az2 ai-+az _ al—i2—a2 + a1—{2—a2 +az+...1+an __ mnj/aitaz aitaz
f 2 9 2 yA3yeeeyQny | — n ) ) as ...an
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THEOREM: Foranyai,...,an > 0 we have
ai + ...+ an

> Yai...an
n
PROOF (ELEMENTARY, SHORT): Put
1+ ...+ x "
f(x1,...pn) = - n—\/azl...a:n

Assume to the contrary that f(x1,...,xn) <O for somezx1,...,xn € [A, B].
Suppose that f(x1,. .., xy ) attains its minimal value on [A, B] atsome a1,...,an €
[A, B] with a1 7 a2. This gives us a contradiction, since

ai1+az2 ai—+a2
2 2

f(al,az,ag,...,an)>f< ,a3,...,an,> N

a1 +a2+ a3+ ...+ an

ai1+az2 ai-+az _ al—i2—a2 + a1—{2—a2 1-ag+...t+an __ mnj/aitaz aitaz
f 2 9 2 yA3yeeeyQny | — n ) ) as ...an
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THEOREM: Foranyai,...,an > 0 we have
ai + ...+ an

> Yai...an
n
PROOF (ELEMENTARY, SHORT): Put
1+ ...+ x "
f(x1,...pn) = - n—\/azl...a:n

Assume to the contrary that f(x1,...,xn) <O for somezx1,...,xn € [A, B].
Suppose that f(x1,. .., xy ) attains its minimal value on [A, B] atsome a1,...,an €
[A, B] with a1 7 a2. This gives us a contradiction, since

ai1+az2 ai—+a2
2 2

f(al,az,ag,...,an)>f< ,a3,...,an,> N

ai +a2 + a3+ ...+ an

ai1+az2 ai-+az _ al—i2—a2 + a1—{2—a2 -{_—a3—|—...—|—an __ mnj/aitaz aitaz
f 2 9 2 yA3yeeeyQny | — - ) ) as ...an
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THEOREM: Foranyai,...,an > 0 we have
ai + ...+ an

> Yai...an
n
PROOF (ELEMENTARY, SHORT): Put
1+ ...+ x "
f(x1,...pn) = - n—\/azl...a:n

Assume to the contrary that f(x1,...,xn) <O for somezx1,...,xn € [A, B].
Suppose that f(x1,. .., xy ) attains its minimal value on [A, B] atsome a1,...,an €
[A, B] with a1 7 a2. This gives us a contradiction, since

ai1+az2 ai—+a2
2 2

f(al,az,ag,...,an)>f< ,a3,...,an,> N

a1 +a2 +a3+ ...+ an

ai1+az2 ai-+az _ al—i2—a2 + a1—{2—a2 +az+...1+an __ mnj/aitaz aitaz
f 2 9 2 yA3yeeeyQny | — n ) ) as ...an
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THEOREM: Foranyai,...,an > 0 we have
ai + ...+ an

> Yai...an
n
PROOF (ELEMENTARY, SHORT): Put
1+ ...+ x "
f(x1,...pn) = - n—\/azl...a:n

Assume to the contrary that f(x1,...,xn) <O for somezx1,...,xn € [A, B].
Suppose that f(x1,. .., xy ) attains its minimal value on [A, B] atsome a1,...,an €
[A, B] with a1 7 a2. This gives us a contradiction, since

ai1+az2 ai—+a2
2 2

f(al,az,ag,...,an)>f< ,a3,...,an,> N

ar a2 +az +...4+an .

ai1+az2 ai-+az _ al—i2—a2 + a1—{2—a2 +az+...1+an __ mnj/aitaz aitaz
f 2 9 2 yA3yeeeyQny | — n ) ) as ...an
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THEOREM: Foranyai,...,an > 0 we have
ai + ...+ an

> Yai...an
n
PROOF (ELEMENTARY, SHORT): Put
1+ ...+ x "
f(x1,...pn) = - n—\/ml...a:n

Assume to the contrary that f(x1,...,xn) <O for somezx1,...,xn € [A, B].
Suppose that f(x1,. .., xy ) attains its minimal value on [A, B] atsome a1,...,an €
[A, B] with a1 7 a2. This gives us a contradiction, since

ai1+az ai—+tasz
2 7 2

f(al,az,ag,...,an)>f< ,a3,...,an,> N

ap +az +az+...+an — .
f(a1,a2,a3,...,a,n) p— - a3...an

n

aitasz aitaz ~ ~
ai1+a2 ai-+taz _ T3 -t 5 -tast...tan M0 4as artad)
2 2 n .
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THEOREM: Foranyai,...,an > 0 we have
ai + ...+ an

> Yai...an
n
PROOF (ELEMENTARY, SHORT): Put
1+ ...+ x "
f(x1,...pn) = - n—\/ml...a:n

Assume to the contrary that f(x1,...,xn) <O for somezx1,...,xn € [A, B].
Suppose that f(x1,. .., xy ) attains its minimal value on [A, B] atsome a1,...,an €
[A, B] with a1 7 a2. This gives us a contradiction, since

ai1+az2 ai—+a2
2 2

f(al,az,ag,...,an)>f( ,a3,...,an,> N

a1 +az +az + ...+

n

f(ai,a2,a3,...,a,) =

an
— (Q/alazag .o an)

N\
ai1+az2 ai-+az . al_'z_az + al_*z_az tag+...+an __|n/aitaz aitaz
f 2 9 2 yA3yeeeyQny | — n ) ) as ...an

THE A U2 2\ I N G BEAUTY OF NUMBERS - p.30/4



THEOREM: Foranyai,...,a, > 0 we have

ai+ ... +a,
- > Yay...an
n
PROOF (ELEMENTARY, SHORT): Put
r1+ ...+ @
f(x1ye..,xy) = - L YEy...xn

Assume to the contrary that f(x1,...,x,) < 0 for some
T1,y...5T, € [A, B|. Suppose that f(xy,...,x,) attains its
minimal value on [A, B] at some a;,...,a, € [A, B] with

a; # as. This gives us a contradiction, since

1t+a2 aj;-+t+as
2 2

a
f(a17a29a37°°°9an)>f( 7a37°°°9an7>.
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THEOREM: Foranyai,...,a, > 0 we have

ai+ ... +a,
- > Yay...an
n
PROOF (ECEMENTARY, SHORT): Put
1+ ...+ x,
f(x1y...,x,) = - — YTy ... Ty

Assume to the contrary that f(x1,...,x,) < 0 for some
T1,y...5T, € [A, B|. Suppose that f(xy,...,x,) attains its
minimal value on [A, B] at some a;,...,a, € [A, B] with

a; # as. This gives us a contradiction, since

1t+a2 aj;-+t+as
2 2

a
f(a17a27a37°°°9an)>f( 7a37°°°9an7>.
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THEOREM: Foranyai,...,a, > 0 we have

ai+ ... +a,
- > Yay...an
n
PROOF (ECEMENTARY, SHORT): Put
1+ ...+ x,
f(x1y...,x,) = - — YTy ... Ty

Assume to the contrary that f(x1,...,x,) < 0 for some
LT1,...,L, € [A, B]. Suppose that f(xq,...,x,) attains its
minimal value on [A, B] at some a;,...,a, € [A, B] with

a; # as. This gives us a contradiction, since

1t+a2 aj;-+t+as
2 2

a
f(a19a29a37°°°9an)>f( 7a39°°°9an7>.
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THEOREM: Foranyai,...,an > 0 we have
ai + ...+ an

n

> Yai...an
PROOF (ECEMENFARY SHORT): Put

1+ ...+ xn
f(x1,...pn) = - — Yx1...2n
Assume to the contrary that f(x1,...,xn) <O for somex1,...,xn € [A, B].

Suppose that f(x1,. .., xy ) attains its minimal value on [A, B] atsome a1,...,an €

[A, B] with a1 7 a2. This gives us a contradiction, since

ai1+az2 ai—+a2
2 2

f(al,az,ag,...,an)>f< ,a3,...,an,> N
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THEOREM: Foranyai,...,an > 0 we have
ai + ...+ an

n

PROOF (ELEMENFARY, SHORT): Put

> Yai...an

f(x1y...,n) = ml_l_';;_l_mn — ¥Yx1...Tn

Assume to the contrary that f(x1,...,xn) <O for somex1,...,xn € [A, B].
Suppose that f(x1,. .., xy ) attains its minimal value on [A, B] atsome a1,...,an €
[A, B] with a1 7 a2. This gives us a contradiction, since

ai1+az2 ai—+a2
2 2

f(al,az,ag,...,an)>f< ,a3,...,an,> N

THEOREM:
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THEOREM: Foranyai,...,an > 0 we have
ai + ...+ an

> Yai...an
n
PROOF (ECEMENFARY SHORT): Put
1+ ...+ x
f(x1,...pn) = - n—Q/ml...a:n

Assume to the contrary that f(x1,...,xn) <O for somex1,...,xn € [A, B].
Suppose that f(x1,. .., xy ) attains its minimal value on [A, B] atsome a1,...,an €
[A, B] with a1 7 a2. This gives us a contradiction, since

ai1+az2 ai—+a2
2 2

f(al,az,ag,...,an)>f( ,a3,...,an,> N

THEOREM (Extreme-Value Theorem):
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THEOREM: Foranyai,...,an > 0 we have

ai + ...+ an
> Yai...a
n = Y "
PROOF (ECEMENFARY, SHORT): Put
1+ ...+ x
f(x1,...pn) = - n—{"/ml...mn

Assume to the contrary that f(x1,...,xn) <O for somex1,...,xn € [A, B].
Suppose that f(x1,. .., xy ) attains its minimal value on [A, B] atsome a1,...,an €
[A, B] with a1 7 a2. This gives us a contradiction, since

ai1+az2 ai—+a2
2 2

f(al,az,ag,...,an)>f< ,a3,...,an,> N

THEOREM (Extreme-Value Theorem): If f(x1,...,Ty,) is contin-
uous on a closed and bounded set R, then f has both an absolute

maximum and an absolute minimum on K.
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We have:
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We have:

/ sin 2x dx
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We have:

/siandm =/2sina:cos:cda:
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We have:

/ sin 2x dx

/2sina:cos:cda:

sin

= Uu
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We have:

/siandaz =/28inazcos:cda:

SIN = u

—= dsinx = du
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We have:

/sin2a3da: z/ZSina:cos:cd:c

SIN = u

—= dsinx = du

cosx dx = du
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We have:

/sin2a3da: z/ZSina:cos:cd:c

SIN = u

—= dsinx = du

cosx dx = du

:/2
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We have:

/siandaz =/2sinatcos:cda3

SIN = U

—= dsinx = du

cosx dx = du

:/2
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We have:

/siandaz Z/ZSiHCECOSZIJdiE

SIN = U
//
—_ O v
= | dsin a:/ £ du
cos zAdxr = du
e / —

/
/zﬁf
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We have:

/sin2a3d:1: =/2sinazcos:cd:c

SIN = U
//
—_— O v
= | dsin a:/ ~ du
cos zAxr = du
e / —

/
/2&‘

THE A U2 2\ IN G BEAUTY OF NUMBERS —p.33/4



We have:

/sin2a3da3 =/2sinazcos:cd:c

SIN = U
//
—_ O 2
= | dsin a:/ £ du
cos zAxr = du
/ -~ -

-~

/ -~
:/2z{dz‘i
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We have:

/sin2a3da: =/2sinazcos:cd:c

SIN = U
//
—_ O 2
= | dsin a';/ £ du
cos zAxr = du
/ -~ -

-~

/ -~
:/szz‘i

—u?+C
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We have:

/sin2a3da: =/2sinazcos:cd:c

SIN = U
//
—_ O 2
= | dsin a';/ £ du
cos zAxr = du
/ -~ -

-~

/ -~
:/szz‘i
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We have:

/sindeaz :/ZSinmcosccdw

SINT =1
/

/
= | dsinz %= du

/
cos zdz = du
L / /7

/ 7

A
:/Mdﬁ

=u?+C

—sin‘z+C
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We have:

/ sin 2 dx / sin 2 dx

/ZSinmcoswdw

SINT =1
/

/
= | dsinz %= du

/
cos zdz = du
L / /7

/ 7

VA
:/Mdﬁ

—ut4+C

—sin‘z+C
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We have:

1
/sinZ:cda: = E/Zsin%}dw /sin2mdaz

/ZSinwcoswda:

st:y
/

= | dsinz %= du

/
cos zdz = du
L / /7

/ 7

VA
:/Mdﬁ

—ut4+C

—sin‘z+C
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We have:

/ sin 2 dx

1
E/Zsin%}dw

20 =1

/ sin 2z dx

/ZSinwcoswda:

st:y
/

= | dsinz %= du

/
cos zdz = du
L / /7

/ 7

VA
:/Mdﬁ

—ut4+C

—sin‘z+C
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We have:

/ sin 2 dx

1

—/25in2mdw
2

- 20=1u -
d2z = du

/ sin 2z dx

/ZSinwcoswdw

SINT =1
/

/
= | dsinz %= du

/
cos zdz = du
L / 7

/ 7

A
:/Mdﬁ

=u?+C

—sin‘z+C
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We have:

/ sin 2 dx

1
—/25in2mdw
2

- 20 =1 -
d2z = du
_2dw:du_

/ sin 2z dx
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We have:

1
/sin2:13d:13 — 5/25in2wdw /sin2:13dac 2/2sina:cosa:daz
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= | d2x = du = dsina:;_: du
/
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/
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1 . 2
:—ECOSZQ’:—FC = sin“ax + C

1. There is a mistake.
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2xr = u sin:c:y
= | d2x = du = dsina:;_: du
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2dx = du CcoSs w,dwzju
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1
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:—ECOSZQ’:—FC = sin“ax + C

1. There is a mistake. Where???

1 w
2. —5 COSs 2x = sin” x.
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We have:
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= | d2x = du = dsina:;_: du
/
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/
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1
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1 1 L
3. ——cos2x + — = sin“ x.
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We have:
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/sin2wda: — 5/25in2wdw /sin2:cdac 2/2sina:cosazdaz
2xr = u sin:c:y
= | d2x = du = dsina:;_: du
/
2dx = du CcoSs w,dwzju
/
1 S l/ 1///
= E/srnudu =/2udu
1
=—§cosu—|—C’ = u? 4+ C
1 . 2
:—ECOSZQ’:—FC = sin“ax + C

1. There is a mistake. Where???

2. M Wrong!

3 ! 2 —|—1 i
. ——cos2x + — = sin
2 2
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We have:

1
/sin2wda: = 5/25in2wdw /sin2:cdac 2/2sina:cosazdaz
2 = u sin:c:y
= | d2x = du = dsina:;_: du
/
2dx = du cos zf,dzcz/du
1 S l/ 1///
= E/srnudu =/2udu
1
=—§cosu—|—C’ = u? 4+ C
1 . 2
:—ECOSZQ’:—FC = sin“ax + C
1. There is a mistake. Where???
2. —— ax. Wrong!
e 2
— sin“ x. Correct.

3. ——cos2x + —
2 2
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Which weight can be weighed by them?
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/N= [
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PROBLEM:
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S
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PROBLEM:

Consider the following weights:

][] [e] Lol [l [] (el e e

Which weight can be weighed by them?
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PROBLEM:

Consider the following weights:
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Consider the following weights:
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Which weight can be weighed by them?
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=2 /=]

=1 +2] /N\=[1]+][s
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PROBLEM:

Consider the following weights:
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Which weight can be weighed by them?

=+ @+

[
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4
1
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5
T
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PROBLEM:

Consider the following weights:

(][] o] [e] [] (s] e e

Which weight can be weighed by them?
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=[v /N= 1] + (2] + [4]

=[2 /= o]

=[] +z] /N\=[]+0e
B ANE 2] + e
1+ la] N=[] (2] [
2] +(4]  \=a] + 5]



1=1

2=2
3=142
4=4
5=1+44
6=244
T=1+2+4
8=8
9=1+48
10=2+4-8
11=142-+8
12=4+48
13=144-+8
14=244-+8
15=1+244+8

16=16
17=1+416
18=2-+16
19=1+42416
20=4+4-16
21=1+4+4+416
22=2+4+4+416
23=142+44-

16

24=8+416
2=1+48+416
26=24-8+16

27=14248416

28=448+16

29=1+4+448
30=2+4448-

16
-16

31=1+24+448+

32=32

33=1432

34 =2-

-32

30=1-

37=1+44-

38 =2

-2 432
36 =4432

4

-32
32

39=1

2

32

40 =8

41 =148~
42 =2+ 8-

43=1

-32

2

4

-32
-32
8+ 32

44 =4

45=1+44-
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a*?* —1=(a—1)(a* +a*° +a** +...+a*+a+1)
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alt+a’°+a®®+...+a’*+a+1
=(a+1)(a*+1)(a*+1)(a®+1)(a'® +1)

E1—|—a—|—a2—|—a1+2—|—a4—|—a1+4—|—a2+4
+ a1+2+4 + aS + al—l—S + a2—|—8 + a1—|—2—|—8

4+8 | o1+4+8 | 2+4+8 | ,2+4+8+16
+ta"" +a t+a +a

_I_ a16 _|_ a1—|—16 _I_ a2—|—16 _I_ a1-|-2—|—16 _|_ a4-|—16

4 @lt4+16 | 244416 | (14248416 | 8416

e a1+4+8+16 + a2—|—8—|—16 + al—l—S—I—lG e a4—|—8—|—16

= glt2+t4+8 + qlt2t4+16 + qlt2+4+8+16
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B al—l—2—|—4 ‘PQ'S + a1—|—8 _|_ CL2+8 _|_ CL1+2+8

N\

\
B a4—|—8 + al+4+\8\_\|_ aZ—I—4—|—8 + aZ—|—4—|—8—|—16
\

AN
B CL16 _I_ a1—|—16 _I_ a2+L6\_|_ a1—|-2—|—16 _I_ a4—|—16
N

\
_ a1—|—4—|—16 _I_ a2—|—4—|—16 _I_ abt3+8—|—16 1 a8—|—16
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\

AN
B CL16 _I_ a1—|—16 _I_ a2+L6\_|_ a1—|-2—|—16 _I_ a4—|—16
N

\
_ a1—|—4—|—16 _I_ a2—|—4—|—16 _I_ abt3+8—|—16 1 a8—|—16

N\
| @1 H4t8+16 | 248416 a1-|—8+16 1 g4+8+16
N\
| gl +2+4+8 4 (14244416 | 1+2+4+816
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1—|—2—|—4 _|_\ _|_ a1—|—8 _I_ a§+&d_ CL1+2+8
RN
a4—|—8 _I_ a1—|—4—|—\8\_\|_ a2—|—4—|—8 _I_ a2—|—4—|—8—|—16

N

AN
CL16 _I_ a1—|—16 _I_ a2+lﬁ\_|_ a1—|-2—|—16 _I_ a4—|—16
N

\
a1—|—4—|—16 + a2—|—4—|—16 + al\—t3+8—|—16 e a8—|—16

N
gl ta+8+16 | ;248416 a1-|—8+16 4 gAt8+16
N
gl t2+4+8 4 (14244416 | 142444816
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1—|—2—|—4 _|_\ _|_ a1—|—8 _I_ a§+&d_ CL1+2+8
RN
a4—|—8 _I_ a1—|—4—|—\8\_\|_ a2—|—4—|—8 _I_ a2—|—4—|—8—|—16

N

AN
CL16 _I_ a1—|—16 _I_ a2+lﬁ\_|_ a1—|-2—|—16 _I_ a4—|—16
N

\
a1—|—4—|—16 + a2—|—4—|—16 + al\—t3+8—|—16 e a8—|—16

N
gl ta+8+16 | ;248416 a1-|—8+16 4 gAt8+16
N
gl t2+4+8 4 (14244416 | 142444816
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1+a+a2|'+a1+2+cr41ta1+4+a

1—|—2—|—4 _|_\ _|_ al—I—S _|_ a§+&<l‘ a,1+2+8
RN

4—|—8 "I_ a1+4+8\+ a2—|—4—|—8 _I_ a2—|—4—|—8—|—16

CL16 _|_:_ CL1+16 _I_a2+L6 _I_a1-|-2—|—16 _I_ a4-|—16

alt4ir16 4 q2+4+16 4 abtz—l—8—|—16 1 gB+16
v

N\
qlT4+8+16 | ;248416 4 al+8+16 4 gAt8+16
N
gl t2+4+8 | g1+2+4+16 4 ,1+2+4+8+16
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a31_|_a30_|_a29_|_..._|_a2_|_a_|_1
= (a+1)(a® +1)(a* +1)(a® +1)(a'® + 1)

1+a+a®>+a't? +a*+ a't* 4 a*>t?

_I_ a1—|—2—|—4 _I_ a8 _I_ a1—|—8 _I_ a2—|—8 _I_ a1+2+8

_|_ a4—|—8 _|_ al—l—4—|—8 _|_ a2—|—4—|—8 _|_ a2—|—4—|—8—|—16
16 1+16 2+16 1+2+16 4116
—+ a + a —+ a —+ a + a
_|_ a1—|—4—|—16 _|_ a2—|—4—|—16 _I_ a1—|—2—|—8—|—16 _I_ a8—|—16
1+44+8+16 2+8-+1+16 14+-81+16 4+8+16
—+ a —+ a —+ a + a

_|_ a1—|—2—|—4—|—8 _I_ a1—|—2—|—4—|—16 _I_ a1—|—2—|—4—|—8—|—16
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a31_|_a30_|_a29_|_..._|_a2_|_a_|_1
= (a+1)(a® +1)(a* +1)(a® +1)(a'® + 1)

E1—|—a—|—a2—|—a1+2—|—a4—|—a1"‘4—|—a2+4
_|_ a1—|—2—|—4 _|_ a8 _I_ a1—|—8 _I_ a2—|—8 _I_ a1—|—2—|—8
+ att8 4 glt+ta+8 4 g2+4+8 4 ,42+4+8+16
_I_ a16 _I_ a1—|—16 _I_ a2—|—16 _I_ a1—|—2—|—16 _I_ a4—|—16
_I_ al—l—4—|—16 _I_ a2—|—4—|—16 _I_ al—l—2—|—8—|—16 _I_ a8—|—16
_|_ a1—|—4—|—8—|—16 _|_ a2—i—8—|—16 _|_ a1—|—8—|—16 _I_ a4—|—8—|—16

_|_ a1—|—2—|—4—|—8 _I_ a1—|—2—|—4—|—16 _I_ al—i—2—|—4—|—8—|—16

a’ 14+ a*"24a234+...4a’°+a+1

2n—1

=(a+1)(a®*+1)(a*+1)...(a

+ 1)
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1

1 —a

—14+a+a®>+ad+...
= (1+4+a)(1+a*(1+a?)...
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1

- =1+a+a?+a’+... 1, 2,2%,...= N
— a

= (14+a)(1+a*)(1+a?)...
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—14+a+a®>+ad+...
=14+ a)(1+a*)(1+a?)...

1,2,22,...= N
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- —14+a-+a’*+a®+... 1, 2,2%,...= N
—a
= (14+a)(1+a*)(1+a?)...
! 2 4
(1—a)? =14+ 2a + 3a“ + 4a™ + ...
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- —14+a-+a’*+a®+... 1, 2,2%,...= N
—a
= (14+a)(1+a*)(1+a?)...
! 2 4
(1—a)? =14+ 2a + 3a“ + 4a™ + ...

—(1+a+a*+a®*+...)2
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- —14+a-+a’*+a®+... 1, 2,2%,...= N
—a
= (14+a)(1+a*)(1+a?)...
! 2 4
(1— a)? =14+ 2a + 3a“ +4a* + ... ry +xo = N

—(1+a+a*+a®+...)2
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—14+a+a®>+ad+...

1 —a
=14+ a)(1+a*)(1+a?)...
1 2 4
(1—a)2 =1+ 2a + 3a“ + 4a™ + ...
—(1+a+a*+a®+...)2
1 2 4
(1—a)3 =14+ 3a + 6a“ + 10a™ + ...

—(1+a+a*+a®*+...)°

1,2,22,...= N

1+ T2 = N

THE A U 2 2\ | N G BEAUTY OF NUMBERS - p.38/4



—14+a+a®>+ad+...

1 —a
=14+ a)(1+a*)(1+a?)...
1 2 4
(1—a)2 =1+ 2a + 3a“ + 4a™ + ...
—(1+a+a*+a®+...)2
1 2 4
(1—a)3 =14+ 3a + 6a“ + 10a™ + ...

—(1+a+a*+a®*+...)°

1,2,22,...= N

1+ T2 = N

Ty + T2+ x3 =N
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GENERATING FUNCTIONS

1
; —14+a+a’*+a+...
—a
= (1+4+a)(1+a*)(1+a?)...
! =1+ 2a + 3a® + 4a* + ...
(1 —a)?
—(1+a+a*+a®+...)3
! =1+ 3a + 6a® + 10a* + ...
(1 —a)?

—(1+a+a*+a®*+...)3

1,2,22,...= N

1 +x3 =N

T, + T2+ 3 =N
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100
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100 =64+ 32+ 4
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100 =64+ 32+ 4
=1-64+1-324+0-164+0-84+1:440-2+0-1
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100 = 64 + 32 + 4
—1-64+1-324+0-16+0-84+1-44+0-24+0-1
— (11001001),
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100 = 64 + 32 + 4
—1-64+1-324+0-16+0-84+1-44+0-24+0-1
— (11001001),

PROBLEM:

Consider the following weights:

L] L] Lol [l [] el e e

Which weight can be weighed by them?
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100 = 64 + 32 + 4
—1-64+1-324+0-16+0-84+1-44+0-24+0-1
— (11001001),

PROBLEM:

Consider the following weights:

L] L] Lol [l [] el e e

Which weight can be weighed by them?

ANSWER:
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100 = 64 + 32 + 4
—1-64+1-324+0-16+0-84+1-44+0-24+0-1
— (11001001),

PROBLEM:

Consider the following weights:

L] L] Lol [l [] el e e

Which weight can be weighed by them?

ANSWER:

Any, since any decimal number can be converted into the binary
system.
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